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Pink-type results for general subgroups of 


Davide Lombardo 


Abstract 

We study open subgroups G of SI^Z^) 71 in terms of some associated Lie algebras without 
assuming that G is a pro-t group, thereby extending a theorem of Pink. The result has 
applications to the study of families of Galois representations. 


1 Motivation and statement of the result 

The ultimate goal of this work is the study of the images of certain Galois representations with 
values in GL 2 (Zf) n , such as those afforded by the Tate modules of elliptic curves, or those arising 
from modular forms. In view of this aim, one would wish to provide a manageable description 
of these images; however, it turns out that it is beneficial, and in a sense simpler, to consider 
arbitrary subgroups G of GL 2 (Zf) ra without making any reference to their origin, and in the 
present work Galois representations will play virtually no role. In most applications to the study 
of Galois representations, the main object of interest is actually the intersection G D SL 2 (Zp n , 
and furthermore it is an easy matter to pass from results on subgroups of SL 2 (Zp n to results on 
subgroups of GL 2 (Zp", so we shall actually mostly work with subgroups G of SL 2 (Zp n . Any 
such G is the extension of a ‘finite’ part, the image G{£) of the reduction G —> SL 2 (Fp", by a 
‘Lie’ part, the kernel of this reduction. 

When G is closed and G{£) is trivial (or more generally when G is pro-£), and i is odd, a 
construction due to Pink !Pin93l gives a very concrete and handy description of G in terms of a 
certain Z^-Lie algebra C{G) (together with some additional data which is not very important to 
our present discussion). Furthermore, if G is the image of a representation of Gal ( K/K ) {K a 
number field), the condition that G{£) be trivial can always be met by replacing K by a finite 
extension, so that Pink’s theorem applies. Note however that the degree of this extension depends 
on £: while this is often perfectly fine when considering a single Galois representation, it may 
become a major drawback when dealing with infinite families G£ indexed by the rational primes 
(as is the case, for example, with the action of Gal (K/K) on the various Tate modules of an 
abelian variety). Furthermore, Pink’s theorem does not apply to £ = 2, which might again be 
quite a hindrance when trying to study the whole system Gg at once. 

While we cannot hope to give a complete description of G in terms of Pink’s Lie algebras when 
G is not pro-t?, we could try and settle for less, namely a result of the form ‘when C{G) contains 
a large neighbourhood of the identity (given explicitly), we can explicitly find a neighbourhood of 
the identity of SL 2 (Z^)" that is included in G’. Note that when dealing with Galois representations 
we are often interested in ‘large image’ results, for which this weaker form of Pink’s theorem would 
still be adequate. Unfortunately, even this is not possible (cf. for example |Loml4l § 4.5]), and 
the best we can hope for is for such a statement to hold not quite for G, but for a subgroup H of 
G such that the index [G : H] is bounded by a function of n alone. In order to give a concrete 
statement we shall need some preliminary definitions: 

Definition 1.1. For a prime t and a positive integer s we let Be(s) be the open subgroup of 
SL 2 (Z^) given by 

{xeSL 2 (Z e )\x = ld (mod* 8 )}- 

We also setBi( 0) = SL 2 (Z^), and for non-negative integers k \,..., k n we denote by Bi(ki,..., k n ) 
the open subgroup Be(kj) o/SL 2 (Z£) n . 
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Definition 1.2. (cf. \Pin93 ) /) Let £ be a prime, n a positive integer and G be an open subgroup of 
GL/ 2 (Zf) n . If £ = 2, assume further that the reduction modulo f of G is trivial. Writing elements 
of G as n-tuples (g±,... ,g n ) of elements of G^C^e), we define a map 0„ by the formula 


6n : G —> ©j=i s b(^) 

^ (91-%te(g n )), 


and we let C(G) C s[ 2 (Zd n be the hz-span of 0 n (G). We call C(G) the Lie algebra of G. 

Theorem 1.3. Let l be an odd prime, n be an integer, and G be an open subgroup of SL 2 (Zf)". 
There exists an open subgroup H of G, of index at most 24 n 48 n ^ n ~ 1 \ with the following property: 
if C(H) contains ©" = i^ fe sl 2 C^e) for a certain integer k > 0, then H contains Bi(p,... ,p) for 
p = 80(max{n, 2} — 1 )k. 

Similarly, let n be a positive integer and G be an open subgroup of SL 2 (Z 2 )". There exists an 
open subgroup H of G that satisfies [G : H] | 96", is trivial modulo f (so that C(H) is defined), 
and has the following property: if C(H) contains 2 fc sl2(Z2) for a certain integer k > 0, then 

H contains B- 2 (p ,... ,p) for p = 607(max{n, 2} — 1 )k. 


While it is certainly true that both this theorem and its proof are quite technical, it should 
be remarked that this statement does enable us to show exactly the kind of ‘large image’ results 
we alluded to: the case n = 1 has been used in Il.om 1 II to show an explicit open image theorem 
for elliptic curves (without complex multiplication), and in |Loml5| we apply the case n = 2 to 
extend this result to arbitrary products of non-CM elliptic curves. 

A few more words on the proof of theorem 11.31 as it will be clear from section [5j the crucial 
cases are n = 1 and n = 2. While the former has essentially been proven in |Loml4l . the latter 
forms the core of the present paper, and we shall actually prove it in a slightly more precise form 
than strictly necessary to establish theorem ll.3l This will be done in sections[3]and[I]below, where 
we also give analogous statements for GL 2 (Z^) 2 . 

Notation. Throughout the paper £ is a fixed prime number. If G is a closed subgroup of GL 2 (Z^)" 
and k is a positive integer, we denote by G(£ k ) the image of the projection G —> GL 2 (Z/f! fc Z)". If 
H is a subgroup of Sl^Zf)" (resp. of Sf^F^)"), we denote by N(H) the largest normal subgroup 
of H which is pro-f (resp. an Agroup); this object is well-defined by lemma 12731 below. If x is an 
element of Gf^Z^) (resp. of Z^), we write [x\ for its image in GL 2 (F^) (resp. in F^). Since special 
care is needed to treat the case £ = 2, to write uniform statements we set v either 0 or 1 according 
to whether £ is odd or £ = 2. Finally, it will also be useful to introduce some standard elements 
of SL 2 (Z^): for every a £ we set 


L{a) 



1+a 0 \ 

0 (1 + a)- 1 ) 


R(a) 



Notice that L(a),R(a) belong to SL 2 (Z^) for any a £ Z^, while D(a ) is in SL 2 (Zf) if and only if 
a ^ — 1 (mod £). 


2 Preliminary lemmas 


In this section we prove some general lemmas which will be used repeatedly throughout the paper. 


2.1 Logarithms and exponentials 

We recall the following fundamental properties of logarithms and exponentials, both for Gadic 
integers and for elements of M 2 (Z^), the set of 2 x 2 matrices with coefficients in Z^>. The proofs 
of these statements are immediate upon direct inspection of the involved power series, and will 
not be included. 
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Lemma 2.1. 


The power series 


mi +t) = j2(-v 


t n 

— converges for t G PLi (respectively for 
n 


n> 1 


t G and establishes a bisection between and £ 1+v 'Li (resp. between Be(l+v) and 

_ pn 

( 1 + v ). The inverse function is given by the power series exp t = } —, which converges for 


n> 0 


t € £ 1+v Ze (resp. t G £ 1+t ’M 2 (Z^) j. Furthermore, for every t G f ? 1 +, 'Z^ we have V( log(l+f) = i^(t), 
and for every t G £ 1 +U Z^ we have ^(exp(t) — 1) = w^(t). 


Lemma 2.2. Let A, B £ M 2 (Z 2 ) and n > 2 be an integer. Suppose that A = 0 (mod 4) and 
B = 0 (mod 2"): t/ien exp(A + 1?) = exp(A) (mod 2") and log(A + B) = log(A) (mod 2"). 


2.2 Subgroups of SL 2 (Z^) n and Z^-Lie algebras 

In this section we consider various properties of closed subgroups of SL 2 (Z^) n , including their Lie 
algebras, generating sets, and derived subgroups. 

Lemma 2.3. Let n be a positive integer and G be a closed subgroup of SL 2 (Z^) n . The collection 
of all normal pro-£ subgroups of G has a unique maximal element, which we denote by IV(G). 
Likewise, if G is a subgroup of SL 2 (F<?) ra , the collection of all normal subgroups of G whose order 
is a power of t admits a unique maximal element, which we denote again by N (G). 

Proof. Denote by n : G —> SL 2 (F^) n the canonical projection and let N be a normal, pro-£ 
subgroup of G. Clearly tt(N) is an Ggroup that is normal in G(£), so it suffices to show that 
N(G(f)) is well-defined, for then N(G) = tt~ 1 (N(G(£))) is the maximal normal pro-i' subgroup 
of G. To treat the finite case consider first n = 1. Then G is a subgroup of SL 2 (F£), and it easy 
to see that the collection of its maximal normal subgroups of order a power of t has a maximal 
element: it follows from the Dickson classification that this is given by the unique GSylow if G 
is of Borel type, and by the trivial group otherwise. Finally, if G is a subgroup of SL 2 (F ( >) r! with 
n > 1, we denote by G, ; the projection of G on the i-th factor SL 2 (F^); it is then immediate to 
check that N(G) = {( 31 ,... ,g n ) G G | G IV(G*)} • □ 

Lemma 2.4. Let t be a non-negative integer. Let W C sI 2 (Z^) be a Lie subalgebra that does 
not reduce to zero modulo £ t+1 . Suppose that W is stable under conjugation by Be(s) for some 
non-neqative integer s, where s >2 if £ = 2 and s > 1 if £ = 3 or 5. Then W contains the open 
set£ t+4s+4v sl 2 {Zi). 

Proof. Fix an element w of W that does not vanish modulo £ t+1 and write w = p x x + p y y + puh 
for some Hx,F y ,Ph € Z^, where 



and mm.{ve(gi x ),ve(ny),V((nh)} < t. Set a := 1 + £ s and consider the matrices Cf, = L(£ s ), 
C r = R(£ s ), and Cd = D(l s ). For • G {l,d, r} define C. as the linear operator of W into itself 
given by 

C.{x) = C.~ 1 xC. 

and set V, := C. — Id. As W is stable under conjugation by Be(s), it is in particular also stable 
under C. and T>,. One can easily check the following identities: 

a 4 (Cd ~ ot ' 2 Id) o Dd{w) = (a 4 — l)(a 2 — 1 )n x x G W 

(a 2 C d - Id) o T> d (w) = ( a 4 - l)(a 2 - T)p y y G W, 

and by considering the decomposition of w we deduce that also ( a 4 — l)(a 2 — 1 )phh belongs to 
W. By the assumptions on s we have ve((a 4 — l)(a 2 — 1)) = 2s + 3v, and therefore W contains 
at least one of 

Mi = i t+ 2 s+ 3 v h, M 2 = £ t+ 2 s+ 3 v x, M 3 = £ t+ 2 s+ 3 v y. 
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In the first case W contains £ t+3s+4v 5 X 2 (Z^) because of the following identities: 


2 ? r (Mi) = 2£ t+3s+3v x, Vi(Mi) = -2 £ t+3s+3v y. 

In the second and third case W contains £ t+4s+4v sl 2 (Z f) because of the following identities: 

Vi o V l (M 2 ) = -2£ t+4s+3v y, T>i o I?,(M 2 ) - 2Vi(M 2 ) = -2£ t+3s+3v h 
V r o V r (M 3 ) = —2£ t+4s+3v x, V r o V r (M z ) - 2V r {M 3 ) = 2£ t+3s+3v h. 

□ 


Lemma 2.5. Let n and m be positive integers. Let g £ End (Z™) and write p g for the character¬ 
istic polynomial of g. Let furthermore A £ Z^,uj £ Z™ 6 e sitc/i that gw = A w (mod £ n ). Suppose 
that w ^ 0 (mod t'“ +1 ) holds for some 0 < a < n. Then we have p g { A) = 0 (mod £ n ~ a ). 

Proof. Denote by (g — Aid)* the adjugate matrix of (g — Aid), that is the unique operator such 
that (g — A Id )*(5 — Aid) = det(g — Aid) • Id holds. Multiplying (5 — AId)w = 0 (mod £ n ) on the 
left by (5 — Aid)* we obtain det(g — Aid) • w = 0 (mod £ n ), and by considering the coordinate of 
w of smallest valuation we obtain p g ( A) = det(g — Aid) = 0 (mod £ n ~ a ) as claimed. □ 

Definition 2.6. Ifn> 2 and if g ±,..., g n are elements of a group G, we write Comm„_i(ji,..., g n ) 
for the (n — 1) times iterated commutator, which is an element of G that can be defined via the 
following recursion: 

Commi (< 71 , g 2 ) = [ 51 , 52 ] = gmgf^^gf 1 , 

Comm„_i( 5 i, ...,g n ) = [Comm„_ 2 (5i,... ,5n-i),5n]- 

Furthermore, ifG \,..., G n are subgroups of a topological group G, we write Comm„_i (G 1 ,..., G n ) 
for the subgroup of G topologically generated by 


{Comm„_i( 5 i,... ,g n ) \ gi £ Gi for i = 1,... ,n} . 


We also write [Gi,G 2 ] for Commi (Gi, G 2 ). 

Lemma 2.7. Let s be a non-negative integer (with s > 2 if £ = 2 and s > 1 if £ = 3). Let 
a,b,c £ Z i all have exact valuation s. Suppose that c ^ —1 (modt), so that D(c ) belongs to 
SL 2 (Zf). Let G be a closed subgroup of SL 2 (Z^). 

1. Suppose G contains L(a ) (resp. Rib)): then for all d £ Z^ such that vi(d) > s the group G 
contains L(d) (resp. R{d)). 

2. Suppose s > 1 and G contains D{c): then for all d £ Z^ such that vt(d) > s the group G 
contains D{d). 

3. Suppose £ > 5 or s > 1. If G contains L(a), R(b), D(c), then it contains all of B^(s). 

4- Suppose £ > 5 and G contains L(a), R{b): then G contains all of Be(2s). 

Proof. 1. Let u = ^ £ Zf. It is easy to check that for every integer n we have L(a) n = L(an). 
Fix a sequence nk of rational integers that converge to u in the t-adic topology: then we have 
limfc^oo L(a) Uk = lim^oo L(ank) = L (lim/^oo ank) = L(au) = L{d). Now observe that G 
contains every term of the sequence L{a) nk , so - since it is closed in SL 2 (Z^) by assumption 
- it also contains their limit L(d). The same proof also applies to the case of R(b). 


2. The assumptions on s imply that log(l + c) is defined, and that ve log(l + c) = s (cf. lemma 

12.111 . Let u = ^ 7 ——^, which is a well-defined element of Z £ since i^log(l + d) > s. 

log(l T c) 
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Choose as above a sequence nk that converges to u in the Gadic topology: then G contains 
the limit 

t lim D(c)"> = bn ( (1 + C> * (1 

= lim ^ ex P(^fc iogl 1 + c )) 0 \ 

k- s-oo \ 0 exp(-nfc log(l + c))j 

_ /exp(ulog(l + c)) 0 \ n(VA 

0 exp(—ulog(l + c))J ' 

3. Suppose first s = 0: then it is easy to see that G(£) = SL 2 (Ff). Since £ > 5, by ISer971 
IV-23, Lemma 3] this implies G = SL 2 (Z^). Suppose on the other hand that s > 1: then 
parts (1) and (2) imply that G contains L(d), R(d ), D(d) for all d £ of valuation at least 
s, and by |Loml41 Lemma 3.1] these elements generate Bi(s). 

4. If s = 0 we notice - as in part (3) - that G(£) = SL 2 (F^), hence G = SL 2 (Z^). Otherwise, it 
suffices to apply part (3) to (a 2 ,b 2 , ab): indeed part (1) implies that G contains L(a 2 ), R(b 2 ) 

□ 

Lemma 2.8. Let Si,..., s n be non-negative integers (where for every j = 1,..., n we require that 
Sj >2if£ = 2andsj > lif£ = 3). The iterated commutator Comm n _i(£^(si), £^(s 2 ),..., Bi{s n )) 
contains Bi(s\ + ■ ■ ■ + s n + (n — l)u). 

Proof. Consider first the case n = 2. Let s be a non-negative integer (with s > 2 if £ = 2 and 
s > 1 if £ = 3). By lemma [2771 (3), if a, b , c are any three elements of Li of valuation s and such 
that c ^ —1 (mod £), the group Be(s) is topologically generated by L(a), R(b), D(c). It is easy to 
check the following identities: 


[L(£ S1 ),D(£ S2 )} =L 


( t S2 + 2 r, + «\ 

V(^+!) 2 ) 


where (by the assumptions on si, s 2 ) we have vi 


[R(£ S1 ), D{£ S2 )} = R (-(2 + £ S2 )£ S1+S2 ) 

£ S2 +2 


= vi(2 + £ S2 ) = v. To conclude the 


y (£ S2 + l ) 2 j 

proof for n = 2 it thus suffices to show that [B^(si),Bf(s 2 )] contains an element of the form D(c) 
with vi(c) < si + s 2 + v. This is easily achieved thanks to the following identity: 


L — 


£Si~\~2S2 


1 _|_ gsi+S2 _|_ £2si+2s2 


[R{£ S1 ),L(£ S2 )]R 


£2si~\-S2 


\ _(_ £S!+S2 _|_ (2s\+2S2 


= D 


^£Sl+S2 _|_ ^)2(si+S2)^ 


/ £S i+2s 2 \ / ^2si+S2 \ 

where we know that L (--— -———— ) and R ( --— -———— I both belong to 

[Bi(si),Be(s 2 )\ by what we already proved and by lemma 12.71 (1). The case of an arbitrary n 
follows by induction from the case n = 2. □ 

The following lemma can be considered as an integral analogue of |Rib761 Lemma on p. 790]. 

Lemma 2.9. Let n > 2 be an integer and G be a closed subgroup o/J ][" =1 SL 2 (Z^). Write 7 Tj 
for the projection on the i-th factor, and suppose that for every i ^ j there is some non-negative 
integer Sij (with Sij >2 if £ = 2 and Sij > 1 if £ = 3) such that the group ( 7 r» x 7 Tj ) (G) contains 

Bi(sij,Sij). Then G contains JX"_i (E jjii s ij + {n~ 2)v). 
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Proof. Without loss of generality, by the symmetry of the problem it is enough to prove that G 
contains {Id} x • • • x {Id} x Be s nj + (n — . By lemma [7781 we know that the group 

Be + {n ~ 2)v^ is generated by {Comm„_ 2 ((/i,... ,g n - 1 ) | 9j £ Be(s n j)} , so it suffices 

to show that for every choice of (gi, ■ ■ ■, g n -i) £ Ylj^ n ^e( s nj) the group G contains the ele¬ 
ment (Id,...,Id, Comm n _ 2 (ffi,..., g n -f)). By hypothesis we can find x\,...,x n -\ £ G such 
that 7r.i(xi) = Id and tt„( xi) = gi for all i between 1 and n — 1. Consider now the iterated 
commutator g = Connn„_ 2 (a;i,... ,x n -i) £ G . For i < n — 1, the i-th component of g is triv¬ 


ial because we have 7 Tj(g) = Comm„_2 ^ 7 Tj(a;i),..., ni(xi ),..., TTi(x n -i) J = Id; moreover, our 

choice of x \,..., x n ensures that n n (g) = Comm„_2 (gi, ■ ■ ■ ,g n - 1) holds. We have thus shown 
that (Id,..., Id, Comm„_2 (g i, • ■ •, g n - 1)) is an element of G. □ 

Lemma 2.10. Let £ > 2 and G be a closed subgroup o/SL 2 (Z<>) 2 . Suppose G contains an element 
g = ( x , y) with [a;] = [± Id] and [y] nontrivial and of order prime to t. Then G contains an element 
of the form (± Id, z), where the order of [z] is the same as the order of [y\. 


Proof. Such an element is given by any limit point of the sequence g e 


□ 


Lemma 2.11. Let n > 1 and G'i,G , 2 be two closed subgroups of GL 2 (Z^) n (with Gi( 4 ),G 2 ( 4 ) 
trivial if £ = 2). Suppose that the two groups {At/i | A £ Iff ,g\ £ Gi} and {ixg 2 | M £ Z*, <72 £ G2} 
coincide: then G \, G 2 have the same derived subgroup and the same Lie algebra. 

Proof. The hypothesis is symmetric in Gi,G 2 , so it suffices to show the inclusions G[ C G' 2 and 
£(Gi) C £(G 2 ). The hypothesis implies in particular that for all g x £ G\ there exists v(g\) £ Iff 
such that n(gi)gi £ G 2 - Now let x, y be elements of G\\ then [x, y] = [v{x)x, n(y)y\ £ G' 2l so - since 
G{ is generated by elements of the form [x, y] for x, y varying in G\ - we have G[ C Gj. As for the 
Lie algebra, simply notice that for all g\ £ G\ we have Q n (gi) = pj^-j0rj(i'(ffi)ffi) £ £(G 2 ). □ 

Lemma 2.12. Let n be a positive integer and g £ SL 2 (Zf) a matrix satisfying g = Id (mod £ l+v ) 
and g jk Id (mod £ n ). Then 0i (g) ^ 0 (mod P 1 ). 


Proof. Write g = 


so that 0 i (g) = 


a—a 
2 


cL-aj ■ Suppose by contradiction that we had 

0i(g) = 0 (mod £ n ), that is c = d = = 0 (mod £ n ). It then follows a = d (mod £ n+v ), 

and since 1 = det(g) = ad — be we find a 2 = d 2 = 1 (mod l n+v ). Since a = 1 (mod £ 1+v ) by 
hypothesis, this implies a = d = 1 (mod £ n ), that is, g = Id (mod £”), contradiction. □ 


2.3 Teichmiiller lifts 

We now recall the definition of Teichmiiller lifts and some of their basic properties. 

Definition 2.13. Let F be a finite extension of Q# with residue field F = F gk. For an element 
[/] £ F we denote by w([/]) the Teichmiiller lift of [f], that is to say the only element g £ Of that 
reduces to [/] in F and satisfies g e = g. 

nkn 

Lemma 2.14. With the notation of the previous definition, the sequence f l converges to w([/]) 
when n tends to infinity. 

Proof. Write f = u>([f]) • u, where u reduces to 1 in the residue field F. It is clear that the sequence 

□ 


converges to 1 in F, so f l = w([/]p 


= <*;([/]) • u l converges to w ([/]). 


Lemma 2.15. Let g be an element of SL 2 (Z^) such that [g\ has order prime to i and strictly 

n2n n2 

greater than 2: then the sequence g for n £ N converges to a certain g <*, that satisfies g ^ = g^. 
Moreover, if [ 5 ] is diagonalizable over We, the limit g^ even satisfies g ^ = g^. 
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Proof. The assumption implies that [ g} has distinct eigenvalues, hence there exists an extension F 
of Qf, of degree at most 2, over which g can be written as g = P~ 1 DP, where D = diag(A, A -1 ) is 
diagonal and P is a base-change matrix. By the previous lemma, the sequence D 1 converges to 

diag(w([A]), w([A -1 ])), so the sequence g^ = PD ( 2 n P _1 converges to P _1 diag(w([A]), w([A _1 ]))P, 
which satisfies the conclusion since w([A]) f = w([A]). For the second statement we can take F = 
and use the fact that the Teichmiiller lifts satisfy w([A])^ = w([A]). □ 

Proof. Let [A^ 1 ] = [A^ 1 ] be the eigenvalues of [31] = [32]. As in the proof of the previous lemma we 
see that the sequence (31,32)^ " converges to a limit (hi, hf) such that the matrices hi, /12 have the 
same eigenvalues w([Aj]),wQA” 1 ]). The existence of Q is then clear if [/ii] = [/i 2 ] is diagonalizable 
over F^, and follows from |Loml 41 Lemma 4 . 7 ] otherwise. The claim on the orders of [fti], [hf\ is 
clear. □ 


3 Odd £, n = 2 

In this section we establish the case n = 2 of the main theorem when £ is an odd prime, together 
with a refined version of it that applies to subgroups of GL 2 (Z^) 2 : 

Theorem 3.1. Let £ > 2 be a prime number and G an open subgroup of GL 2 (Z^) 2 . Let G i, G 2 be 
the projections of G on the two factors GL 2 (Zf), and for i = 1,2 let Hi be a positive integer such that 
Gi contains Be(ni). Suppose furthermore that for every ( 31 , 32 ) G G we have det( 3 i) = det( 32 ). 
At least one of the following holds: 

1. G contains Bz(20 maxjni, n 2 }, 20 maxjni, n 2 }) 

2. there exists a subgroup T of G, of index dividing 2 • 48 2 , with the following properties: 

(a) if C(T) contains £ k s\ 2 (he) © £ fc sl 2 (Z^) for a certain integer k > 0, then T contains 
Be(p,p), where p = 2k + max {2k, 8 ni, 8 n 2 } . 

(b) for any (fi,t 2 ) T, if both [G] and [£ 2 ] are multiples of the identity, then they are 
equal. 

We will derive this theorem from the corresponding statement for SL 2 (Z 2 ) 2 : 

Theorem 3.2. Let £ > 2 be a prime number and G an open subgroup o/SL 2 (Zf) 2 . For i = 1,2 
let ni be a positive integer such that Gi contains Bi(nf). At least one of the following holds: 

1. G' contains Be (20 max{m, 712 }, 20 max{ ni, n 2 }) 

2. there exists a subgroup T of G, of index dividing 48, with the following properties: 

(a) if C(T) contains l k s{2(1Lf) © £ fc sl 2 (Zf) for a certain integer k > 0, then T' contains 
Be(p,p), where p = 2k + max{2fc, 8 ni, 8112 } . 

(b) for any (ti,f 2 ) in T, if both [G] and [£ 2 ] are multiples of the identity, then they are 
equal. 

3.1 Strategy of proof 

Given the amount of technical details required to establish theorem 13.21 before plunging into the 
actual proof we try to give a general overview of the argument. Several ingredients are needed. 
To begin with, when an element of G exists whose two projections 31,32 on Gi, G 2 are sensibly 
different (for example, 31 has trivial reduction modulo t but 32 does not), then this element can 
be used to show that G is stable under certain ‘projections’ from G to Gi x {Id} and {Id} x G 2 : 
in this case, the assumption that Gi, G 2 contain open topological balls is enough to conclude that 
the same is true for G (in a quantitative manner). This line of argument is what leads to lemma 
EH Thus, in proving theorem 13.21 one can assume - among other things - that G(£) looks like the 
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graph of an isomorphism: the reduction to this case is carried out in proposition 13. 1 Ol Moreover, 
theorem 13.21 is essentially known (and due to Pink) when G is pro-£, cf. theorem 13.41 below. We 
would therefore like to reduce to the case of pro-1? groups, which we do by considering the maximal 
normal pro-£ subgroup of G (denoted by N(G) in all that follows). Most of the remaining part of 
the proof (sections 13.31 to l3l)l) is concerned with showing that when the Lie algebra of T (a certain 
subgroup of G of bounded index) is large, the same is true for the Lie algebra of N(T ), to which 
we can subsequently apply Pink’s theorem. The key observation in carrying out this last step is 
the following: since N(T) is (by definition) normal in T, its Lie algebra is acted upon by all of 
T, including those elements that do not belong to N(T). A careful study of the action of these 
elements, whose details depend on the specific shape of T(£), shows that the stability of C(N(T)) 
by the conjugation action of T forces it to be not very different from £(T), and an application of 
Pink’s theorem (in the form of lemma 1X51) then concludes the argument. 

One final technical ingredient is our ability to change bases to simplify the computations. More 
precisely, let g be any element of GL 2 (Zf) 2 : then the group G satisfies the assumptions of theorem 
13.21 (for certain values of 711 , 712 ) if and only if gGg~ x does, because the topological balls Be(s) are 
invariant under any integral change of basis. Likewise, the conclusion of the theorem only involves 
topological balls, multiples of the identity, and open sets of the form £ k sl 2 (Zc) © £ k s l 2 (Z^): all 
of these objects are invariant under change of basis notice that Q{gtg~ x ) = 3 ©(t) 3 _1 for any 
t £ GL 2 (Zf) 2 - and therefore the claim of theorem 13.21 is true for G if and only if it is true for 
gGg~ l . In other words, as it should be expected, theorem 13.21 depends on G only through its 
conjugacy class, and therefore we are free to change basis every time doing so simplifies some of 
our calculations. 

Remark 3.3. The proof of theorem 13.21 is constructive, in the sense that the group T - when we 
are in case (2) - is described explicitly. Property (2b) will be clear from the construction, and we 
will not comment further on it. 


3.2 Preliminary reductions 

One of the key ingredients of the proof of theorem 13.21 is the following result: 

Theorem 3.4. Let £ > 2 be a prime number and k be a non-negative integer. Suppose G is 
a closed pro-£ subgroup of SL 2 (Zd such that C{G) contains £ k 5l2(Z(): then G' contains Bz(2k). 
Similarly, if G is a closed pro-£ subgroup of SL 2 (Zf) 2 and C{G) contains £ k sl 2 (Zf) ©£ fc sl 2 (Zd, 
then G' contains Be(2k,2k). 

Proof. The proof is identical in the two cases, so let us only consider subgroups of SL 2 (Z^) 2 (the 
case of SL 2 (Zf) is also treated in |Loml4l proof of theorem 4.2]). Consider the basis 


x = 





of sl 2 (Zf). Since [h,x\ = 2x, [h,y] = —2 y and [x,y] = h, the derived subalgebra of £ k s\ 2 (%i) 
is £ 2 fe sl 2 (Z^). By assumption £(G) contains l? fe sl 2 (Z.d © £ fe sl 2 (Z^), so the derived subalgebra 
[£(G),£(G)] contains £ 2k s [ 2 (Z^) © £ 2k sl 2 {Z(). Furthermore, in the notation of |Pin93j we have 
that C = tr(£(G) • £(G)) contains both tr ((£ k h, 0) • (£ k h, 0)) = (2£ 2k ,0) and (0, 2£ 2k ). Since C 
is by definition a topologically closed additive subgroup of Z 2 , this shows in particular that C 
contains £ 2kr L^ © £ 2 fe Zf. It then follows from |Pin931 Theorem 2.7] that 

G' = {g G SL 2 (Z ,) 2 I 0 2 ( 5 ) £ [£(G), £(G)], tr( 3 ) - 2 e C} D B e {2k,2k). 

□ 

Proof, (of theorem 13.11 assuming theorem 13.21) Write det* for the map G Z 2 given 

by the composition of the usual determinant with the projection on the first coordinate of Z 2 . 
By assumption, an element ( 31 , 32 ) of G satisfies det( 31 , 32 ) = (1,1) if and only if it satisfies 
det* ( 31 , 32 ) = 1 . 










Assume first that £ < 5. Denote by T the inverse image in G of an t'-Sylow of G(£), and set 

r:= ker (f ^>z 

Using the fact det^i = det 32 for every ( 31 , 32 ) G G, and that the index of an GSylow of G{£) 
is prime to £, it is easily checked that the index of T in G divides 2 • | 2 • 48 2 . 

Now set T 1 = {A 3 | A G Z x ,3 <E T} D SL 2 (Z^) 2 . Using lemma [Till and the argument of |Loml4l 
Lemma 3.16 (2)] one sees easily that T and T 1 have the same derived subgroup and the same 
Lie algebra, and moreover it is clear by construction that T 1 is a pro-f subgroup of SL 2 (Z^) 2 . 
Furthermore, every element (G,G) of T reduces to ([Id], [Id]) modulo £, so T satisfies (2b). Now 
if C(T) contains £ k sl 2 (Ze) © £ k sl2{1Le), then the same is true for C (T 1 ), hence (T 1 )' = T' contains 
B((2k,2k) by theorem 13.41 and T has properties (2a) and (2b) as required. 

Next consider the case £ > 5. Let U\ be the subgroup of G, of index at most 2, given by 
ker ^G - ct —> Z* — > Iff /Z* 2 ^. Let U2 = {A 3 | A G Iff , 3 e Li} D SL 2 (Z^) 2 , and notice as above 

that U\ and U2 have the same derived subgroup. Also notice that U2 is open in SL 2 (Z^) 2 : indeed, 
as G is open in GL 2 (Z^) 2 there is an r > 0 such that Be(r,r) C G, and the definition of U 2 
shows that Bg(r,r ) is also contained in Ui- Moreover, since elements in £>7(7x1), £>7(77,2) have unit 
determinant, the two projections of U 2 on the factors GL 2 (Z^) contain Be(ni), £ 17 ( 7 x 2 ) respectively. 
We can assume that XJ^ = U[ does not contain ^(20max{m, 77-2}, 20 max{m, 712}), for otherwise 
the same holds for G and we are done. Apply then theorem 13.21 to ( 1 / 2 , 711 , 712 ) to find a subgroup 
T 2 of U 2 (of index dividing 48 2 ) that has properties (2a) and (2b) of that statement. Notice 

that we have a well-defined morphism U\ % t/ 2 /(±(Id, Id)) sending 3 to the class of g/\/det*(g), 
where \J det* 3 exists in Z* by construction of U\. Let T 2 be the image of X 2 in the quotient 
t/ 2 /(±(Id, Id)). Now ip is surjective by definition of U 2 , so if we define T to be the inverse image 
of X 2 through ip, then the index \U\ : T] divides 48 2 and [G : T] divides 2 • 48 2 . Furthermore, 
the Lie algebra of T and that of T 2 agree, as do their derived subgroups (lemma 12.111) . Suppose 
now that C(T) contains t^s^Z/>) © £ fc sl 2 (Z^): then the same is true for U(? 2 ), and therefore by 
property (2a) of theorem [3.2 1 we see that T" 2 = T' contains Be(p,p). Finally, let (GG 2 ) be in T and 
suppose that [U], [t 2 ] are multiples of the identity. By construction, there exists a scalar A G Z^ 
and an element (w\,W 2 ) G T 2 such that (£ 1 , ^ 2 ) = A(iui, W 2 )] in particular, [ini], [ 1 ^ 2 ] are multiples 
of the identity, so the properties of T 2 force [G] = [A] [ 102 ] = [A][uq] = [G]- □ 

The following proposition allows us to assume that £ > 5: 

Proposition 3.5. Theorem \3.2\ is true for £ < 5. 

Proof. Take T to be the inverse image in G of a GSylow of G(£). It is clear that T satisfies (2b). 
Furthermore, T is pro-£, so an application of theorem 13.41 shows that T satisfies (2a); finally, it is 

immediate to check that [G : T] divides ^ I | ^g 2 _ □ 

Assumption 3.6. From now on, we work under the additional assumption that £ > 5. 

Our final objective is to compute, in terms of k, n± and 712 , an integer p such that T contains 
Bffp, p). This would be immediate if T were a pro-^ group, for then we would simply apply the¬ 
orem [374] as it is. In general, however, one needs to take into account the structure of T(£), and 
many different possibilities arise, according to the type of Tf (£), T 2 (£) in the Dickson classifica¬ 
tion. In some situations which we now discuss, the two projections Gi and G 2 behave essentially 
independently of one another; in this case the problem is greatly simplified, and it is possible to 
exhibit an integer p as above without examining too closely the structure of G(£): 

Lemma 3.7. Let £ > 5 and G, n\,U 2 be as in theorem 1 3. 2\ Suppose that G contains an element 
(a, b) such that [a] = [± Id] and the prime-to-£ part of the order of [6] is at least 3. Then G' 
contains B[{An\ + 16712 , 8772 ) D Be(20 max{7ii, 712 }, 20 max{7ii, 7 x 2 })- The same conclusion is true 
if [b] = [± Id] and the prime-to-£ part of the order of [a] is at least 3. 
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Proof. The statement is clearly symmetric in a and b, so let us assume [a] = [± Id]. Since £ 2 does 
not divide the order of Sl^F*), the element [b] e has order prime to i; replacing (a, b) with (a, b) e 
allows us to assume that the order of [ 6 ] is prime to £ and not less than 3. By lemma US. 101 G 
contains an element of the form (±Id, b'), where the order of \b '] is the same as the order of [ 6 ]. 
We can therefore assume a = ±Id. By hypothesis, for any 32 in Be(n 2 ) there exists a g\ £ Gi 
such that ( 31 , 32 ) belongs to G: it follows that for any 32 £ Be(n 2 ) the element 


(± Id, b') 1 (g 1 ,g 2 )(±ld,b')(gi,g 2 ) 1 = (Id, ( 6 ') 1 g 2 b'g 2 ) = (Id, [(&') 1 , 32 ]) 


(1) 


belongs to G. Up to a choice of basis, we can assume that either b' = 


0 

1/d 


for a certain unit d. 


or b' = 


de 


for certain units c, d and a certain e such that [e] is not a square, or b' = 


0 -1 

1 0 


(for the last two cases cf. [Loml4l Lemma 4.7]). In the first case, setting g 2 = R(£ n2 ) in (jXj) shows 
that (id, R ((d -2 — l)^" 2 )) belongs to G. Given that d is not congruent to ±1 modulo £, for 
otherwise the order of [ 6 ] would be 1 or 2 , we see that the Cadic valuation of (dr 2 — l)£ n2 is 
exactly n 2 . Similarly, G contains (id, L ((d 2 — 1)£" 2 )), and by lemma I27T1 141 this implies that G 


contains {1} x Bf(2n 2 ). In the second case we notice that R 


2 cU” 2 (2+e n2 r 

d( l+£ n 2) 4 


can be written as 


(«) 


-1 


l +£ n2 

0 


cP2(2+rq 

d( l+t"2) 

l +<™2 



( 1 

ce n2 (2+rz) 



l+£ n 2 

. 0 

d(l+f n 2) 

l + £ n2 

)] 


hence ^Id, R(y- ^ )) belongs to G; by lemma 12771 ('ll we then see that G contains 

(id, R (£ 2 " 2 )), and analogous identities prove that G also contains (id, L (t 72 " 2 )). Lemma 12771 (4) 
then implies that G contains {Id} x Be(4n 2 ). Finally, in the last case we use the identities 


[(b')-\D(r 2 )\ 1 = D(r 2 (2 + r 2 )) 

/ 9 4 - P n2 \ 

[D(£ n2 ),R(£ n2 )\ = R (£ 2n2 (2+ T 2 )) , [D(£ n2 ),L(r 2 )} = L (^£ 2n2 J 

which prove that G contains {Id} x Be(2n 2 ). 

Consider now an element h = (h\,h 2 ) of G whose first coordinate is h\ = R ; such an 

element exists by hypothesis. The £(£ 2 — l)-th power of h is of the form h' = (i? (£™ 1+1 ) , h' 2 ), where 
[h' 2 \ = [h 2 ]^ e _1 ) = = [Id]. The £ 4n2-1 -th power of h! (recall that n 2 > 0), therefore, 

is a certain h" = (i? (£ ni + 4 ™ 2 ) ; h 2 ) , where h 2 £ Be(dn 2 ). By what we already proved, G contains 
(Id, h 2 ), so it also contains h" • (Id, h'f) -1 = (i?(^ ni+4n2 ) , Id) . The same argument shows that 
(. L (£™i+ 4n 2 ^ . Id) belongs to G, and we finally deduce that G contains Be(2m + 8n 2 ) x {Id}, hence 
- since we also have G D {Id} x Be(4n 2 ) - that G contains Bg(2m + 8n 2 ,dn 2 ). Taking derived 
subgroups and using lemma [2781 then shows that G' contains Bi( 4m + 16712 , 8712 ). □ 

Lemma 3.8. Let l> 5 be a prime, G a closed subgroup of SL 2 (Z^) 2 and for i = 1,2 let nt be 
a non-negative integer such that Gi contains Be,(nf). Let t be a non-negative integer and u be an 
element of sl 2 (Z() such that u jk 0 (mod £ t+1 ). Suppose that C(N(G)) C sl 2 (Zt)€Bsl 2 (ht) contains 
(0,u): then G' contains {Id} x Be(2t + 8n 2 ). Likewise, ifu\,u 2 £ sl 2 (Z#) are such that u\,u 2 ^ 0 
(mod £ t+l ) andC(N(G)) contains (rti,0) and ( 0 , 712 ), then G' contains Be(2t + 8n\, 2t + 8n 2 ). 

Proof. Note first that - by the same argument as [Loml41 Lemma 4.5] - the Lie algebra C(N(G)) 
is stable under conjugation by G. The smallest Lie subalgebra of C(N(G)) that contains (0,it) 
and is stable under conjugation by G is 0© S(u), where S(u) is the smallest Lie subalgebra of 
s[ 2 (Wj() that contains u and is stable under conjugation by G 2 . By virtue of lemma 12.41 and 
given that G 2 contains Be(n 2 ), the algebra S(u) contains £ t+4n2 sl 2 (Ze). It follows that C(N(G)) 
contains 0©f rt+4 " 2 sl2(Z^), and applying theorem |.3.4l we deduce that N(G)' (hence also G') contains 
{Id} x Bf (2t + 8n 2 ). The second statement is now immediate. □ 
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We thus see that for the following three categories of groups information on G can be extracted 
from information on £(G): 

(A) pro-£ groups: by theorem 13.41 if C(G) contains £ k sl 2 (Ze) © £ k s\ 2 (Z^), then G' contains 
B e (2k,2k)-, 

(B) groups that contain an element (a, b) such that [a] is trivial and the prime-to-t! part of the 
order of [6] is least 3, because of lemma [3~7l 

(C) groups satisfying the hypotheses of lemma 13.81 

We now start with a general open subgroup G of SL 2 (Z^) 2 and show that (up to passing to a 
subgroup of finite, absolutely bounded index) the group G must satisfy one of these three sets of 
hypotheses. As already anticipated, we will need a case analysis based on the structure of G±(£) 
and G 2 (£). These are subgroups of SL 2 (F^), and by the Dickson classification we know that any 
subgroup of SL 2 (F^) is of one of the following types: split Cartan, nonsplit Cartan, normalizer of 
split Cartan, normalizer of nonsplit Cartan, Borel, exceptional, all of SL 2 (F^). 

Remark 3.9. To be more precise we should rather write ‘contained in a split Cartan subgroup’, 
‘contained in a Borel subgroup’, etc. The slight abuse of language should not cause any confusion. 

We call ‘type’ of G the pair (type of Gi(£), type of G 2 (■£)); the proof of theorem EOl will proceed 
by analysing all the possibilities for the type of G. The following proposition helps cut down the 
total number of cases we need to treat. 

Proposition 3.10. Let £ > 5 and G,n\,n 2 be as in theorem IS.21 At least one of the following 
holds: 

1. G' contains Be(20 max{ni, n 2 }, 20 max{ni, n 2 }) 

2. there exists a pro-£ subgroup T of G such that the index [G : T ] divides 48 2 , and such that if 
(fi,f 2 ) is an element ofT for which [ti], [f 2 ] are both multiples of the identity, then [t 1 ] = [t 2 ] 

3. there exists a subgroup T of G such that the index [G : T] divides 4-48, and which enjoys 
all of the following properties (we denote by T\,T 2 the projections of T on the two factors 
bl. 2 fZ /)): 

(a) the projection of T(£) in Ti(£) / N (Ti(£)) x T 2 (£) / N (T 2 (£)) is the graph of an isomor¬ 
phism T^/NiT^l)) 9i T 2 (£)/N(T 2 (£)) 

(b) the type ofT\{t) (resp. T 2 (tj) is either Borel, split Cartan, nonsplit Cartan, or SL 2 (F^) 

(c) the orders of Ti(t)/N(T\(Cf) and T 2 (£)/N(T 2 (£)) do not divide 8 

(d) Ti (resp. T 2 ) contains Bt(n\) (resp. Bi(n 2 )) 

(e) if (ti,t 2 ) € T is such that [fi] and [t 2 ] are both multiples of the identity, then [ti] = \t 2 ] 

Proof. If (1) holds we are done, so we can assume this is not the case. The conclusion of lemma 
[3771 is then false, and therefore so is its hypothesis: if (a, b) is an element of G with [a] (resp. [&]) 
equal to [±Id], then the prime-to-£ part of the order of [6] (resp. [a]) is at most 2. Consider the 
kernel J 2 of the reduction G{£) —> G\{£), which we identify to a (normal) subgroup of G 2 (£). We 
claim that the prime-to-£ part of the order of J 2 is at most 2. Indeed, SL 2 (F^) contains only one 
element of order 2, namely minus the identity, so if the prime-to-1? part of \J 2 \ is at least 3, then 
J 2 contains an element [6] whose order has prime-to-t 1 part at least 3, contradiction. Taking into 
account the fact that J 2 is a subgroup of SL 2 (F<>), we see that the f-part of its order can only be 
1 or £. Thus the order of J 2 can only be one of 1, 2, £, 2£\ furthermore, the last two cases can only 
happen if G 2 (£) is of Borel type, since these are the only subgroups of SL 2 (F<>) admitting a normal 
f-Sylow. By Goursat’s lemma, we know that the projection of G{£) in G\{£)/J\ x G 2 {£)/J 2 is 
the graph of an isomorphism G\(£)/J\ = G 2 (£)/J 2 . Notice now that if T is any subgroup of G 
of index dividing 4 • 48, then property (3d) is automatically true for T: indeed, since [G\ : T\] 
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divides [G : T], which in turn divides 4 • 48, the index [G\ : T\] is prime to £, and therefore Be(ni) 
(which is a pro-t' group, since n\ > 1) is contained in G\ if and only if it is contained in Xj; the 
same argument applies to T 2 and P^(n 2 ). Furthermore, it is clear that property (3e) follows from 
property (3a): indeed, the only multiples of the identity in SL 2 (Ff) are ± Id, and the existence in 
T(£) of an element of the form ([±Id], [=Fld]) would contradict (3a). 

We now construct a group T with the desired properties in two successive steps. We claim first 
that there is a subgroup P of G, of index dividing 24, such that Hi(£) and i? 2 (f') are either (split 
or nonsplit) Cartan, Borel, or all of SL 2 (F^), so that P satisfies property (3b). This is easily seen 
by a case-by-case analysis depending on the type of G\(£): 

• split/nonsplit Cartan: then G\(£)/J\ is cyclic, so the same is true for G 2 (^)/J 2 - It is easily 
checked that this is only possible if G 2 (f?) is either Borel or Cartan, and we are done (taking 
H = G). 

• normalizer of split/nonsplit Cartan: there is a subgroup P of G of index at most 2 such that 
Hi(£) is Cartan, and we are back to the previous case. 

• Borel: if the order of J\ is prime to l, then the isomorphism Gi(£)/Ji = G 2 (fO/J 2 forces 
G 2 (£) to be Borel (because then the order of G 2 (£) is divisible by £, and G 2 (fO cannot be all 
of SL 2 (F^), for otherwise the order of G 2 (fO/J 2 would be too large with respect to the order 
of Gi(l)/J\). If the order of Ji is divisible by £, then Gi(£)/Ji = G 2 (£)/J 2 is cyclic, and 
this forces G 2 (f?) to be either Borel or Cartan. We can take H = G. 

• exceptional: according to whether the projective image of G\(£) is isomorphic to either 
A 4 , A 5 or S 5 , there is a subgroup P of G with [G : P] | 24 such that Hi(£) is cyclic, of order 
either 6 or 10. We are thus reduced to the Cartan case. 

• SL 2 (F^): comparing orders, the isomorphism G\(£)/J\ = G 2 (£)/J 2 forces G 2 (f) = SL 2 (F^). 
We can take H = G. 

Next we claim that there is a subgroup K of P, with [H : K] | 4, such that the kernel J\ (resp. J 2 ) 
of K(£) P 2 (fO (resp. of K(£) —> K\(£)) has order either 1 or £. It is easily seen that this implies 
that K satisfies property (3a). Notice that since the orders of J \, J 2 divide 2£ this is equivalent 
to asking that — Id ^ Ji, J 2 . If neither (— Id, Id) nor (Id, — Id) is in H we are done (simply take 
K = H ), so let us consider the case when H contains at least one of the two. Again we need to 
distinguish two subcases, depending on the type of Hi{G): 

• split/nonsplit Cartan, Borel: the group P := jv(g|(£)) x NithU)) * s P r °duct of two 
cyclic groups, so P/2P has order dividing 4. Let H be the image of H(£) in P, so that 
again H/2H has order dividing 4. We set I\ = ker (P —> H(£) —> H —> H/2H). It is clear 
that [H : K] \ 4, and we now show that (— Id, Id) and (Id, — Id) do not belong to K. The 
argument is the same in the two cases, so we only consider the former. Clearly, it suffices 
to show that the image in H of (— Id, Id) does not he in 2 H. Suppose by contradiction this 
is the case, take p £ H such that 2 p is the class of (—Id,Id) in H , and fix an h £ H(£) 
that maps to p. By construction, this is an element such that h 2 differs from (— Id, Id) by 
elements of order £. In particular, h 2i = (—Id, Id), so h l = (Pi, P 2 ) is an element of H{£) 
which squares to (— Id, Id). As the only square roots of Id in SL 2 (F^) are ± Id, this provides 
us with an element (/ii,±Id) of H(£) such that hi has order 4. But this contradicts our 
initial result that if an element (hi, ± Id) is in G(£), then the prime-to-£ part of the order of 
/ii is at most 2. 

• SL 2 (F^): as we have already remarked, this forces H 2 (£) = SL 2 (F^). By [MW93 . Lemma 
5.1], there exists an M G GL 2 (Ff) and a character x '■ H(g) {±1} such that 

H(£) = {(x,y) G SL 2 (F,) 2 I y = X (x,y)MxM~ 1 } . 

We can take K = ker (H —> H(£) {±1}), which has index at most 2 in P. 
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The group K thus obtained has index dividing [G : H][H : K] | 24 • 4 in G, and satisfies 
properties (3a) and (3b) (hence, as already remarked, (3d) and (3e)). We obtain a group T as in 
(3) by setting T = K if property (3c) is true for K\ if this is not the case, we obtain a group T as 
in (2) by setting T = ker(A' —> K\{£) —> K\{£)/N (Ai(•£))): indeed in this case [.K : T] | 8 and T 
is pro-£ by construction. □ 

In light of the previous proposition and of theorem !3.41 theorem 13.21 follows from the following 
statement: 

Proposition 3.11. Let £> 5 be a prime number and G an open subgroup of SL^C^e) 2 satisfying 
properties (3a)-(3e) of proposition [03 For i = 1,2 let ni be a positive integer such that Gi 
contains Be(ni). At least one of the following holds: 

1. G' contains Be(20 maxjni, 712 }, 20 max{ni, 772 }) 

2. there exists a subgroup T of G, of index dividing 12, such that if the Lie algebra C(T) 
contains £ fe sl2(2^) ® £ k sl 2 ( 2 ^) for a certain positive integer k, then T’ contains Be(p,p), 
where p = 2k + max {2k, 8n±, 877 , 2 } ■ 

We now prove proposition 13.1 ll bv analyzing the various possibilities for the type of G. Every 
case is dealt with in a separate section, whose title is of the form (type of Gi(£),type of G 2 {£))- 
Note that since 1V(SL 2 (F^)) is trivial we have Gi(£) = SL 2 (F^) if and only if G 2 CO = SL 2 (F^); this 
helps exclude a few more possibilities for the type of G. Moreover, the statement of proposition 
13.111 is symmetric in Gi, G 2 , so we can further use symmetry arguments to reduce the number of 
cases (thus, for example, we only need consider one of the two cases (Borel, Nonsplit Cartan) and 
(Nonsplit Cartan, Borel)). Finally, note that we shall prove a slightly stronger statement: the 
index of T in G can be taken to divide 2. 


3.3 Cases (Nonsplit Cartan, Split Cartan) and (Nonsplit Cartan, Borel) 

The same idea works in both cases: consider an element (a, b) £ G with [a] of maximal order in 
Gi(£); notice in particular that [a] has order dividing i + 1. The group G{£) contains the element 

([a], {b]yV-V = ([ap- 1 ), [Id]), and the order of [a]^" 1 ) is given by ^^([g])) = : m • Notice 

that to > 3: indeed we have (£ — l,ord([a])) < 2, so to < 2 would imply ord[a] | 4, against the 
assumption that the order of G\{£) does not divide 8 (cf. proposition ETU] (3c)). Lemma 1X71 then 
shows that G' contains Be (20 max{m, 772 }, 20 max{m, 772 }). 


3.4 Cases (Split Cartan, Split Cartan), (Borel, Borel) and (Split Car¬ 
tan, Borel) 


We start by considering the type (Split Cartan, Split Cartan), the other two cases being essentially 
identical. Note that the groups IV(Gi(^)) and N(G 2 (£)) are trivial, so G ±(£) and G 2 ^) are 
isomorphic by property (3a) of proposition 13.101 and we can find an element (/ii,!^) £ G such 
that [hi], [h 2 ] generate G\{£), G2{£) respectively. By lemma E7l5l the limit (< 71 , < 72 ) of the sequence 
{hijh^Y satisfies g{ = 51,52 = 52 , and furthermore [ 51 ], [ 52 ] generate G\(£), G2(£) respectively. 


We choose bases in such a way that both 51 and 52 are diagonal. Write gi = 


0 

dj 1 


where di 


satisfies d{ = di. Since G i{£) = G 2 {£), we know that the orders of [di] and [cfe] agree; in particular, 
we can write [cfe] = [di ] 9 for a certain integer 5 , 1 < q < ord[di], that is prime to the order of 
[di]. We can, if necessary, apply on the second factor SL 2 (Z^) the change of basis induced by 


the matrix S = 


l 



this change of basis exchanges the two diagonal entries of 52 , hence it 


allows us to assume 1 < q < ord j rfl ^ . Given that the Teichmiiller lift is a homomorphism, we have 
d 2 = w([d 2 ]) = w([di ]) 9 = df. We now define the group T: 
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• if [d 2 ] = — [di] or [d 2 ] = — [di] -1 , we let T be the index -2 subgroup of G defined by 
ker(G— > Gi(£) —> G\(l)/ 2 Gi(t)). If we now repeat the construction of di,d 2 for T, we 
find that [d 2 ] = [di], and that the order of T\(t) does not divide 4 (recall that the order of 
G\(t) does not divide 8). 


• if [d 2 ] / — [rfi] ±1 we set T = G. 


Suppose that £(T) contains £ fe s[ 2 (Z<>) ® ^ fe s[ 2 (Z^): we are going to show that T' contains Be(p,p) 
for p = 2 k + 8max{ni, n 2 }. Recall that T contains an element (51,52), where gi = diag(dj, d” 1 ), 
and that we have set up our notation so that d 2 = d\ for some 1 < q < ord j rfl ^ . Consider now the 
three matrices 


Mi = 


0 1 
0 0 


,Af 2 = 


1 0 

0 -1 


,M 3 = 


0 0 
1 0 


and let 7Ti (resp. 712,713) be the linear map sl 2 (Z^) —> Z^ • Mj giving the projection of an element 
on its Mi (resp. M 2 ,M 3 ) component. A Z^-basis of the Lie algebra sl 2 (Z^) ® sl 2 (Z^) is given by 
(Mj, 0 ), ( 0 , Mj) for * = 1 , 2,3 and j = 1 , 2 , 3 . Note that both C(T) and C(N(T)) are stable under 
conjugation by (51,52) (cf. [Loml 4 l Lemma 4 . 5 ]). Writing elements of s( 2 (Z^) ® s[ 2 (Z^) as the 
6-dimensional vectors of their coordinates in the basis just described, the action of conjugating by 
(91,92) is given by 


(x 1 ,X2,X3,Xi,x 5 ,x 6 ) >->• (dfxi,X2,d 1 2 x 3l dlx 4: ,x 5 ,d 2 2 2 6 ). 

In particular, if we denote by C the linear operator (x,y) 1—>■ (gixg^ 1 , g2yg2 l ) (acting on the Lie 
algebra sl 2 (Z<>) ® s( 2 (Z^)), we have 

1 

—j) C\xi, X 2 , X3, X4,X 5 , x 6 ) = (0,22,0,0, £4,0) 

i—0 


1 £_£ 1 

smce = TZ 




- 1 


i- 1 

J±2 


i=0 


l-l 


df — 1 


= 0 (recall that d{ = d\ and df ^ 1), and similarly for d x ' 


and d 2 . It follows that if C(T) or C(N(T)) contains the vector (21,..., 26), then it also contains 


-7—27, 


the vector (21,0,23,24,0,26) and, for every integer j. its image (df 3 '21,0, d ± * 23 

/I 
d\ 

df d^ 4 
\dt d~ 6 

this is a Vandermonde matrix, so its determinant is an £-adic unit as long as df ^ 


under conjugation by (51,52) iterated j times. Consider the matrix V = 


6^2^24,0, 

1 1 


2 x e) 


dl 2 


d 2 

d\ 


d 2 2,2 
1 ' 
d 2 2 

d 2 4 

-6 


d 2 d 2 6 J 

dj~ 2 (mod £), 

d 2 ^ d 2 2 (mod £) and df ^ df 2 (mod €). Recall that the orders of [di], [d 2 ] do not divide 4 , so the 
first two conditions are automatically satisfied. Furthermore, under our assumptions the equality 
[di] 2 = [d 2 ] ±2 implies [di] = [d 2 ], that is, q = 1 . Consider first the case g/ 1 : the matrix V is 
then invertible over Z f , hence the standard basis vectors (1,0, 0,0), (0,1, 0,0), (0,0,1,0), (0,0, 0,1) 
can be written as Z^-linear combinations of the rows of V. In turn, this implies that the vectors 


(21,0,0,0,0,0), (0,0,23,0,0,0), (0,0,0,24,0,0), (0,0,0,0,0,2g) 


can be written as Z^-combinations of the four vectors C° (21, 0 ,23,24, 0 ,26) for j = 0 , 1 , 2 , 3 . 
Equivalently, we have shown that if q ^ 1 the Lie algebras £(T),£(N(T)) are stable under the 
projection operators tti ® 0 , 7t 3 ® 0 , 0 ® 7Ti, 0 ® 7r 3 . If, on the other hand, q = 1 (so 51 = 52), an even 
simpler computation shows that C(T), £(N(T)) are stable under the projection operators -K\ ® 7Ti 
and 7 t 3 ® 7t 3 . We have the immediate identities 

Migi = d“ 1 Mi, 7Ti(M 2 5i) = 0 , 7Ti(M 3 5j) = 0 , 71-1(5*) =0 for * = 1 , 2 , 
whence for any A € GL 2 (Zf) we have 7ri©i(A5i) = d,“ 1 7Ti(0i(A)) for * = 1 , 2 . 
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Again we distinguish the cases g / 1 and q = 1. In the former, we know that (0 ® 7 Ti)(£(T)) 
is contained in C(T), and that it is generated by an element of the form (0 © 7 Ti)( 0 2 (h)), for a 
certain h = (hi,h 2 ) G T. We can choose an integer m in such a way that h ■ ( 51 , 32 )™ belongs 
to N(T) (it suffices to choose m such that \h\g™] = [Id] = [h 2 g™])] for such an m, the element 
0 2 (h • ( 31 , 32 )™) lies in C(N(T)), and since C(N(T)) is stable under 0 © 7Ti it also contains 

d? ■ (0 © 7 T!) ( 0 2 (/l • ( 31 , 32 )™)) = 0 , 7 T 1 0 1 (/ l 2 3 2 m )) 

= (O,7Ti(0l(/l 2 ))). 

Now C(T) contains (0 © ni)(£ k sl 2 (Ze) © £ k sl 2 (Ze)) = 0 © £ fe Z f • M 1; so (0,£ fc Mi) is a multiple 
of (0 © 7 r 1 )(0 2 (h)): the previous formula then shows that C(N(T)) contains 0 © £ k Ze ■ Mi. An 
analogous argument shows that C(N(T)) contains £ k Ze ■ M\ © 0: lemma [3TS1 then implies that T' 
contains Be { 2 k + 8 max {ni, n 2 } , 2 k + 8 max{ni, n 2 }). 

Suppose on the other hand that q = 1, that is, di = d 2 . Let us write, for the sake of simplicity, 
g for g\ = 32 and d for cL\ = d 2 . As we have seen, both C(T) and C(N(T)), thought of as subsets 
of sl 2 {Z e ) © sl 2 {Ze), are stable under the maps 7r,; © m for i = 1,2,3. Hence C(T) is the direct 
sum of three rank-2 subalgebras Ri = ( 7 ^ © 7 rj)(£(T)), * = 1,2,3, with Ri open in Z^M* © ZeMf, 
similarly, C(N(T)) is the direct sum of three algebras Si = ( 7 ly © ni)(C(N(T))). We claim that 
Si = R\. If I?i is generated by the two elements (711 © 7Ti) (0 2 (tui)) and (7Ti © 7 iq) (0 2 (w 2 )) for 
some wi,w 2 G T, then we can find integers mi,m 2 such that Wi(g,g) mi and 7U 2 (3, g ) m2 belong to 
N(T). It follows that for j = 1, 2 the algebra Si contains 

d m ’(n 1 ®^i)(0 2 K • ( 3 , 3 )"*')) = d m ’d- m i (tti © 7Ti)(0 2 (wj )), 

i.e. Si = I?i as claimed. Now notice that by assumption C{T) contains ^ fe sI 2 (Z^) © £ k sl 2 (Ze), so 
Si = (7Ti ©7 Ti)(£(T)) contains £ k Ze- Mi© £ k Ze-M\, and the same is true for (7Ti ©7 Ti)(£(AT(T))). 
As above, we conclude that T' contains Be (2 k + 8max{m, ?i 2 } , 2k + 8 max { 7 * 1 , 712 }). 

Finally, note that the (Borel, Borel) and (Split Cartan, Borel) cases are completely analogous: 
we simply need to choose for ( 31 , 32 ) an element such that [ 31 ] (resp. [ 32 ]) generates Ti{£) /N {T\{£)) 
(resp. T 2 {£)/N(T 2 {£))). 


3.5 Case (Nonsplit Cartan, Nonsplit Cartan) 

We follow an approach very close to that of the previous section. Using lemma 12.151 and the fact 
that G(£) is the graph of an isomorphism Gi{£) —> G 2 {£), we can find an element ( 31 , 32 ) of G such 

'CLi bi£i ' 


that g\ = gt and [ 3 ,;] generates Gi(£ ); in a suitable basis we can write 3 ; = 


, where £; 


is an element of Z* \Zf 2 (that is to say, [e*] is not a square in F^). The condition that the order 
of Gi{£) does not divide 8 implies cabi ^ 0 (mod £). For any Aadic unit £ consider now the three 
matrices 


Mi(e) = 


0 £ 
1 0 


1 0 
0 -1 


, M 3 (£) = 


0 —£ 

1 0 


M 2 (e) = M 2 

\ basis of sl 2 (Ze) © sl 2 (Ze ) is given by 

(Mi(£i),0), (M 2 (£i),0), (M 3 (£i),0), (0,Mi(£ 2 )), (0,M 2 (£ 2 )), (0,M 3 (£ 2 )), 


and again we write elements of st 2 (Z^) ©sl 2 (Z^) as six-dinrensional vectors in this basis. Let C be 
the linear operator (from sl 2 (Z^) ©sl 2 (Z^) to itself) given by (x,y) i-)- ( 31 , 32 )(a:, 3 )( 31 , 3 2 ) _1 ; once 
again, C{G) and C(N(G)) are stable under C. The matrix of C in this basis is block-diagonal, the 

/ ! 0 0 \ 

blocks being given by Bi = 0 1 + 2£, 6 ? 2 citbiEi . Since the bottom-right 2 by 2 block 

V 0 2 aA 1 + 2 £ib 2 ) 

of Bi is simply g 2 , the eigenvalues of Bi are 1 and the squares of the eigenvalues of ge. The 
analogue of the condition [di] 7 ^ — [d 2 ] ±l of the previous paragraph is ‘the only eigenvalue shared 
by [Bi] G GL 3 (F^) and [B 2 ] G GL 3 (Ff) is 1’. Thus in this case we define the group T as follows 
(notice that 1 is not an eigenvalue of [ 3 ;] 2 ): 
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1. for an element z € s/£ 2 \ denote by [ 2 ] its image in F^. By construction we have 

ai±biy/el = w ([a, ± where a; is the Teichmiiller lift. If [oi± ^/e\b \] 2 = [a 2 ±y/£ 2 b 2 ] 2 , 

then (if necessary) we apply on the second factor SL 2 (Z^) the change of basis induced 

1 0 to assume [a\ + y/eih ] 2 = [a 2 + y/£ 2 b 2 ] 2 


by the matrix S = 


0 _i 1 — — L “j. 1 = [«2 + ■ We then set 

T := ker(G—» G(£) —»• G{i)/2G{i )), which (since G(£) is cyclic) has index 2 in G. The 
element ( 51 , < 7 2 ) 2 G T projects to a generator of T{i), and we have 

(«i + biy/e ^) 2 = u ([ai + b ly ^\ 2 ) = u> ([a 2 + b 2 y /e^\ 2 ) = (a 2 + b 2 ^) 2 , 

which - using the fact that a 2 — e^b 2 = det gi = 1 implies £\b\ = e 2 b 2 . Notice that 
T, being of index 2 in G, is normal, hence its Lie algebra C(T) is stable not just under 
conjugation by elements of T, but also under conjugation by elements of G; the same is true 
for C(N(T)) = C{N{G)). In particular, both these algebra are stable under conjugation by 
(gi, 92 ), that is, they are stable under C. 

2. if (an ± y/el&i) 2 , (a 2 ± i/£ 2 b 2 ) 2 are all distinct in F* we simply set T = G. In this case the 
squares of the eigenvalues of g\ and of g 2 are distinct. 

We now assume that C(T) contains £ k sl 2 (Z^) © £ fc s( 2 (Z^): we shall show that T' contains 
Bc( 2 k + 8 max{ni, n 2 }, 2 k + 8 max{ni,n 2 }). 

Suppose first that we are in subcase (2). Let p\{x) be the characteristic polynomial of B 1 , and 
consider pi(G). This will be a block-diagonal operator whose first block is the null matrix and 


whose second block is of the form 


0 

0 0 

0 

0 

A 


, with A invertible modulo t (this follows at once 


from the fact that the reduction modulo £ of this block can be computed as pi([-B 2 ]), and the only 
eigenvalue that is common to [B\] and [B 2 \ is 1). Note furthermore that by the Hamilton-Cayley 
theorem the 2x2 identity can be expressed as a polynomial in A, so that ultimately the diagonal 
matrix with diagonal entries (0,0, 0,0,1,1) can be expressed a polynomial in C. Concretely, this 
is the operator 


n : 


h\ x± 

2/1 -hi 


h 2 x 2 
2/2 ~h 2 


!-»• 


0 0 
0 0 


/ h 2 

£2V2 ~ X 2 
\ 2 £ 2 


X2 - ^ 22/2 



and we have just shown that C(T) and C(N(T)) (being stable under G) are in particular also 
stable under II. As T 2 contains Bg(n 2 ), there exists an element /1 of T\ such that (/ 1 , R (£ n2 )) 
belongs to T. Taking the £(t 2 — l)-th power of this element shows that N(T) contains the element 

^,R ((£ 2 — 1)£" 2+1 )^ , and therefore C(N(T)) contains 


fa 


1 


i 2 - 


T e 2 (f{ {e ~ l \R{{i 2 - 1 )r 2+1 )) = (^-©1 (/; 


£(t 2 - 1 ) 


f/n 2 + l 

0 


Applying II and multiplying by 2e 2 we see that C(N(T)) contains ( 0, 


by 


0 e 2 r 2+1 \ 

K -r 2+1 0 ) 

lemma [3781 we then find that T' contains {Id} x £^(10n 2 + 2). Swapping the roles of T\,T 2 the 
same argument shows that T' contains B((10ni + 2) x {Id}, and we are done since this clearly 
implies that T' contains B#(20 max{?ri, n 2 }, 20 max{ni, n 2 }). 

Next consider subcase (1). Recall that algebras C(T) and C(N(T)) are stable under G. We 
keep the notation M,;(e) from subcase (2), and we let 7Ti(e) (resp. 7r 2 (e),^(e)) be the linear 
maps s( 2 (Z|) —► Tjg ■ Mj(e) giving the projection of an element on its M\{e) (resp. M 2 (e), M^{e)) 
component. Using the fact that e±b\ = e 2 b\ , one easily checks that 

7fi(£i) 0 tti(£2) = — —tj (id —2(1 + 2ei b 2 )C + G 2 ) , 

4^1 of 
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from which we see that £(T), C(N(T)) are stable under 7 ri(£i)© 7 ri(£ 2 ) and therefore, by difference, 
also under n : (aq, x 2 , £ 3 , X 4 , X 5 , xq) h > (0, X 2 , x 3 , 0, X 5 , xq). We now set A to be the 6 x 6 matrix of 
C in the basis (Mi(ei), 0 ), (M 2 (ei), 0 ), (M 3 (ei), 0 ), (0,Mi(e 2 )), (0,M 2 (£ 2 )), ( 0 ,M 3 (e 2 )); as we have 
already seen in subcase (2), this is the block-diagonal operator with blocks given by 1, g\, 1, g\. We 
claim that 7 f(£(T)) and n(C(N(T))), seen as submodules of Z®, are stable under left multiplication 
by A -1 . Indeed, since the Lie algebras of T and of AT(T) are stable under conjugation by ( 31 , 52 ) 
the claim follows from the identity 

™ (( 31 , 32 ) 1 (ii,^)( 3 i, 32 )) = A 1 • 7 T ((ti,t 2 )) V(t 1; i 2 ) € s( 2 (Zf) 2 . (2) 

Furthermore, one easily checks that, for all t £ T, we have if (0 2 (( 31 ,3 2 ) 2 • t)) = A • fr( 0 2 (t)). 
Let now nq,... , 1 x 4 € T be such that n(jC(T)) is generated by 7 f( 0 2 (uq)), ..., 7 r( 0 2 (w 4 )). Since 
[( 32 , 3 !)] generates T(£), for i = 1,... ,4 there is an integer to* such that {gi,g 2 ) mi Wi belongs to 
N(T) (that is, it is trivial modulo £): it follows that 0 2 ((gf, g 2 ) mi Wi) is in C(N(T )), and since 
C(N(T)) is stable under both if and A -1 we find 

A~ mi ■ if (02 ((3?,32 2 r^)) = • A m * • if( 0 2 (uj,)) = if (0 2 K)) € C(N(T)). 

This easily implies C(N(T)) 3 if (C(N(T))) = if(£(T)) 3 if(t ?fc sl 2 (Zf) © £ fc sl 2 (Z£)). In particular, 
C(N(T)) contains two elements (ui,0) and (0, u 2 ) with ui,u 2 ^ 0 (mod t k+1 )\ by lemma 13781 we 
conclude that N(T)' contains Be (2 k + 8 max{m,n 2 } , 2k + 8 max{m, n 2 }). 

3.6 Case (SL 2 (F*), SL 2 (F*)) 

In this case we take T = G, and assume that £(T) = £(G) contains £ fe sl 2 (Z^) © £ fc sl 2 (Z£). We 
shall prove that T’ = G' contains Be(4k, 4k). We consider the question of whether or not, for any 
given to, the group G(£ m ) is the graph of an isomorphism G i(£ m ) —> G 2 (£ m ); the following lemma 
covers the case when this does not happen: 

Lemma 3.12. Let m be a positive integer. Suppose G contains an element of the form ( 31 , 32 ), 
where 31 is trivial modulo l m but 32 is not (or symmetrically, 32 trivial modulo i m and 31 non¬ 
trivial). Then G' contains Be(4(m — 1), 4(m — 1)). 

Proof. Notice first that we necessarily have m > 2: indeed, G(£) is the graph of an isomorphism 
Gi(t') —> G 2 (£), so if 31 is trivial modulo £ then 32 is trivial modulo £ as well. In particular, 
( 31 , 32 ) belongs to ker (G —> G(£)) = N(G). Now let xi = R{£), yi = L (£), hi = D {£). By ISer!)7 
IV-23, Lemma 3], since G\{£) = SL 2 (F£) we also have Gi = SL 2 (Z^); in particular, we can find 
X 2 ,V 2 ,h -2 £ G 2 such that x = [x\,yi), y = ( 32 , 32 ) and h = (/ii,/i 2 ) all belong to G. As G(£) is 
the graph of an isomorphism G i(£) —> G 2 {£) and ^ 1,31 and hi are all trivial modulo £, the same 
must be true of x 2 , 32 , ^ 2 - The elements ,y e and h e then satisfy 

• their first coordinates topologically generate Be(m), by lemma [2~7l (31 

• their second coordinates are trivial modulo £ m , 

so the group they (topologically) generate contains an element of the form (gf 1 ^^), where g ' 2 is 
trivial modulo £ m . Thus G contains the product 3 = (gf , 32 X 31 , 32 ) = (Id, 3 2 3 2 ), whose second 
coordinate is congruent to 32 (and therefore nontrivial) modulo £ m . It is immediate to check 
that 3 is in N(G) (since its coordinates are trivial modulo £), hence C(N(G)) contains © 2 ( 3 ), 
which is of the form (0,it) with u nontrivial modulo t m (lemma |2.12D . Applying lemma [3~8l we 
deduce that N(G) contains {Id} x Be(2(jn — 1)) (in the notation of lemma 13.81 one can take 
t = m — 1 and n 2 = 0). To finish the proof, consider the group H topologically generated by 
x' = x e , y' = y l ,h' = h e , where the exponents make sense since we already remarked 
that to > 2. Denote by Hi, H 2 the projections of H on the two components SL 2 (Zf). It is clear that 
Hi 3 1)) and H 2 C Be(2{m— 1)), so the group generated by H and {Id} x Be(2(m— 1)) 

(which as we have seen is a subgroup of G) contains Be{2(rn — 1), 2(m — 1)), and we are done. □ 
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We now show that for m = k + 1 the hypothesis of the previous lemma is satisfied. Indeed 
suppose by contradiction that the projections G{t k+1 ) —>■ G±(£ k+1 ), G(t k+1 ) —> G 2 (£ k+1 ) both 
have trivial kernel. Then Goursat’s lemma implies that G(£ k+1 ) is the graph of an isomorphism 
Gi(£ k+1 ) G 2 (t k+1 ), i.e. an automorphism of SL 2 (Z/£ k+ 1 Z). By |Wan85] (see also |Won99i , The¬ 

orem 5(e)]), and since £ > 5, all such automorphisms are induced by conjugation, that is we can find 
a matrix M G GL 2 (Z/£ k+ 1 Z) such that G(£ k+l ) = {(x ,y) G SL 2 (Z/£ k+ 1 Z ) 2 \ y = MxM -1 j. 
Consequently, if we still denote by the same letter any lift of M to GL 2 (Z^), we have 

G C {(x,?/) G SL 2 (Z ,) 2 | y = MxM - 1 (mod £ k+1 )} . 

Applying 0 2 and noticing that tr (MxM -1 ) = tr(x) we deduce 

£(G) C {(x,y) G sl 2 (Z ^) 2 | y = MxM _1 (mod £ k+1 )} , 

but this contradicts the hypothesis that C{G) contains £ k s\ 2 {Z f) © £ k sl 2 (Ze). Thus at least one 
of the two projections G(£ k+1 ) —> Gi(£ k+1 ) has nontrivial kernel, and the previous lemma shows 
that G' contains Be(Ak,4k). 

4 £ = 2, n = 2 

In this section we prove: 

Theorem 4.1. Let G be an open subgroup of GL 2 (Z 2 ) 2 whose projection modulo 4 is trivial. 
Denote by Gi,G 2 the two projections of G on the factors GL 2 (Z 2 ), and for i = 1,2 let Ui > 3 
be an integer such that Gi contains B 2 (ni). Suppose furthermore that for every ( 31 , 32 ) G G we 
have det( 3 i) = det( 3 2 ) = 1 (mod 8). //£(G) contains 2 fe sl 2 (Z 2 ) © 2 fc s( 2 (Z 2 ) for a certain integer 
k > 2, then G contains B 2 {\2(k + lln 2 + 5ni + 12) + 1,12(fc + ll?ri + 5 n 2 + 12) + 1). 

By an argument similar to that used for the case of odd £ (and that will be carried out at the 
end of this section) we can reduce the problem to the corresponding statement for SL 2 (Z 2 ) 2 : 

Theorem 4.2. Let G be an open subgroup of SL 2 (Z 2 ) 2 whose reduction modulo 4 is trivial. Denote 
by Gi, G 2 the two projections of G on the factors SL 2 (Z 2 ) ; and for i = 1, 2 let Hi > 3 be an integer 
such that Gi contains B 2 (rii). If C{G) contains 2 fc sl(Z 2 ) © 2 fe sl(Z 2 ) for a certain integer k > 2, 
then G contains B 2 ( 6 (k + lln 2 + 5ni + 12),6(fc + llni + 5n 2 + 12)). 

The proof of this theorem, although technically involved, relies on a very simple idea: we can 
find an element of G of the form (Id, a) , where a is not too close to the identity 2-adically, and 
this easily implies the conclusion by ILoml4l . Theorem 5.2], cf. lemma PTTTT1 In order to find a 
we proceed by contradiction: if there is no such a, then G looks very much like the graph of a 
map Gi —> G 2 , and this imposes severe restrictions on its Lie algebra. Indeed, one can prove 
that in this case £(G) agrees to high 2-adic order with the graph of a linear map x >->• PxP -1 . 
Quantifying this notion of ‘being 2-adically very close to a graph’ (cf. proposition 14.201) gives a 
contradiction with the fact that £(G) contains 2 fe sl(Z 2 ) © 2 fc sl(Z 2 ). 

Notation. For the whole section, the symbols G, G 1 , G 2 , and ni,n 2 will have the meaning given 
in the statement of theorem OI We also set xi,yi,h± (resp. x 2 ,y 2 ,h 2 ) to be R(2 ni ), L{ 2" 1 ), 
D(2 ni ) (resp. P(2” 2 ), L( 2" 2 ), D{ 2” 2 )): by construction, they are elements of Gi (resp. of G 2 ). 

We start to deploy the strategy just outlined by showing that it is in fact enough to find an 
element (Id, a) as above: 

Lemma 4.3. Let n > 3. Suppose that G contains an element of the form (Id, a) (resp. (a, Id),), 
with a nontrivial modulo 2 n . Then G contains B 2 ( 6 n, + 24n 2 + n\ + 18,6n + 24n 2 + 18) (resp. 
B 2 ( 6 n + 24ni + 18, 6 n + 24ni + n 2 + 18) .) 
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Proof. Consider the smallest normal subgroup H of G that contains (Id, a). This is clearly of the 
form {Id} x H2 , where H2 is the smallest normal subgroup of G2 containing a. The Lie algebra L 
of H2 contains ©i(a), so it is nontrivial modulo 2 ” by lemma E .121 By normality of H2 in G2, L is 
stable under conjugation by ,62(712), so lemma [TH says that L contains 2 n+ 4 n 2 + 3 sl 2 (Z 2 ). Applying 
|Loml 41 Theorem 5 . 2 ] we deduce that H2 contains 62(671 + 24 ri 2 + 18 ), and we finish the proof as 
we did for lemma 13.121 □ 

We now come to the hard part of the proof, namely showing that if no such a exists, then G 
is very close to being a graph. For any fixed integer t > 3 , we distinguish two possibilities: 

1. There exist two elements (a, b) and (a, ft') of G with ft ^ ft' (mod 2 4 ), or equivalently, there 
exists an element of G of the form (Id, b") with ft" ^ Id (mod 2 4 ). In this case we simply 
apply lemma HU1 

2 . For every a £ G 1 there exists a (necessarily unique) b £ G 2(2*) such that, for every element 
of G of the form (a, c), we have c = ft (mod 2 ‘). In this case we write b = p(a), so that ip is 
a well-defined function G\ —> G 2 (2 4 ). 

As it is clear, the key step in proving theorem 14.21 is to bound the values of t for which this 
second case can arise. Let then t > 3 be an integer for which we are in case 2 . We choose a 
function if : G\ —> G2 such that 

• if (a) = ip(a) (mod 2‘) for every a £ G 1; 

• (a, if (a)) belongs to G for every a £ G\. 

As we shall see shortly, ip is actually a continuous group morphism; on the other hand, if does 
not necessarily have any nice group-theoretic properties, but allows us to work with well-defined 
elements of Z2 instead of congruence classes. We will also see that any such morphism ip is, in a 
suitable sense, ‘inner’, a fact that will lead to a contradiction for t large enough. From now on, 
therefore, we work under the following assumption: 

Condition 4.4. The integer t > 3 has the following property: for every a £ G\ there exists a 
unique b £ G2(2 4 ) such that , for every element of G of the form (a, c), we have c = b (mod 2 4 ). 

To prove theorem 14.21 we now proceed as follows. Exploiting (integrated forms of) the com¬ 
mutation relations [ft, 2:] = 2 x and [ft, y] = —2 y we show that we can fix a basis in which if {hi) 
is diagonal (cf. lemma HTOl) . We then prove that in this basis if{x\) and if{yi) are necessarily 
triangular up to some 2 -adically small error (proposition 14 . 141 ) . and making use of the relation 
\x,y\ = h we further show that if(xi),if(yi) satisfy some additional constraints (which lead to 
proposition l 4 . 17 l) . This proves that, up to some 2 -adically small error, G is contained in the graph 
of x 1 —> PxP~ l for a suitable matrix P: the desired conclusion then follows easily by estimating 
the 2-adic valuation of the error terms. 

Lemma 4.5. <p defines a group morphism G\ —> G 2 ( 2 t ). 

Proof. Let 01,02 be two elements of Gi. Then (ai, ^(ai))(a2, if(a2)) = (aia2,if(ai)if(a2)) belongs 
to G, so our assumption implies that if{ai)if{a2) = p(a\a2) (mod 2 4 ). As if{a\) (resp. if (02)) is 
congruent to <^(ai) (resp. ^(02)) modulo 2 4 the claim follows. □ 

Lemma 4.6. p> is continuous. 

Proof. Denote by 111,112 ■ SL 2 (Z 2 ) 2 —> SL 2 (Z 2 ) the projections on the two factors. As Xi,y\,hi 
belong to Gi we can find a,6,c so that x ' = (xi,a),y' = {yi,b),h r = (hi,c) all belong to G. 
Consider then (a/) 2 , {y ’) 2 , (ft/) 2 and the group H they generate (topologically). The projection 
n\(H) contains xf = R( 2 ni+t ) and y\ = L{ 2 ni+t ), hence it is open in SL 2 (Z 2 ) by an obvious 
variant of lemma [ 2~71 ( 4 ). On the other hand, 112(H) is generated by a 2 ,b 2 ,c 2 , so it is trivial 
modulo 2 4 . It follows that for any g\£ H we have p(g 1) = 1 , so ker tp is open and tp is continuous. 

□ 
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Definition 4.7. Let g be an element of SL 2 (Z 2 ) (resp. of a finite quotient SL 2 (1L/2 m Z)) that is 
trivial modulo f, and let (3 be any 2-adic integer. Write (3 = En>0 a n 2 n , where each a n is either 0 
or 1. We set g^ = rin>o ff a " 2 , which is well-defined since for every finite j only a finite number 
of terms appearing in the product are nontrivial modulo 2 J . 

The continuity of ip then implies 

Lemma 4.8. Let [3 be any 2-adic integer and g be an element of G\. We have ip(g^) = p(g)^. 

Having dispensed with these necessary preliminaries we now begin with the proof proper. To 
find an element satisfying the assumptions of lemma ITtil we look first at (aq, ip(xi)): 

Lemma 4.9. If \ogip(xi) vanishes modulo 2 ni+ri2 , then G contains B 2 (30ni + 24, 30ni + n 2 + 24). 

Proof. Exponentiating the hypothesis gives ip(x i) = Id (mod 2” 1+n2 ). There exist a,b,c £ G\ 
such that x' = (a,x 2 ),y' = (b,y 2 ),h' = ( c,h 2 ) belong to G. Consider (x ') 2 1 , (y ') 2 1 , (h 1 ) 2 1 : 
these three elements (topologically) generate a group H such that ni (H) is trivial modulo 2 Ul+1 
(recall that a , b, c are already trivial modulo 4) and n 2 (H) contains B 2 (n\ + 712 ) f lemma HOT) . 

It follows that H (hence G) contains an element of the form (w,ip(x 1 ) -1 ), where w is trivial 
modulo 2 ni+1 . Therefore G contains the element (xi,ip(xi))(w,i/j(xi)~ 1 ) = (aqu^Id), where 
X\w = x\ (mod 2 ni+1 ) is nontrivial modulo 2 ni+1 . The claim follows from lemma PTTTT1 □ 

It is clear that if we are in the situation of the previous lemma theorem 14.21 easily follows, so 
next we ask what happens if log ip(xi) is not too close to zero 2-adically. For the sake of simplicity 
we set a = (1 + 2 ni ) 2 . Note that h\Xihf = xf, so we have ip(hi)ip(xi)ip(hi )~ 1 = tp(x 1 )“, or 
equivalently V , (^i)' ! /'( a 'i)^(^i) _1 — V^i) 0 (mod 2*); taking logarithms, which makes sense since 
both sides of the equation are trivial modulo 4, we obtain (via lemma \T7I[ which we shall use from 
now on without further explicit mention) 

V’(^-i) ' log^^i) • V’(^i ) -1 — a log if (xi) (mod 2*). (3) 

Now this equation shows that the operator ‘conjugation by ip(hiy admits logV^aq) as an 
approximate eigenvector. If log-i^(xi) is not too close to zero, this allows us to deduce properties 
of ip(hi): 

Lemma 4.10. With the notation of theorem \4-2\ and condition E3 let U = t — 3n± — 712 — 3. 
Suppose log^(a;i) ^ 0 (mod 2 rai+ " 2 ) and U > 3rii. Then if(hi) is diagonalizable over Q 2 j with 
eigenvalues Ai, A 2 € Z 2 that satisfy X± = 1 + 2" 1 (mod 2 U ), X 2 = (1 + 2 ni ) -1 (mod 2 U ). 

Proof. Denote by C^,^) the linear endomorphism of 312 (^ 2 ) given by conjugation by ip{h\), and 
let p{x) be its characteristic polynomial. Note that tr(logi/’(a;i)) = logdet^(a;i) = 0, so log-i/^aq) 
is in si 2 (^ 2 ). Also let Ai,A 2 be the eigenvalues of ip (hi). An easy computation shows that 
p(x) = (x — 1) (2 — A 2 ) (2 — A|) (the same result can also be deduced from the properties of the 
adjoint representation of 3 ( 2 ). 

With a little abuse of notation, in the course of the proof we shall use congruences (modulo 
powers of 2) that involve Ai, A 2 : a priori, these might not be elements of Z 2 , so the precise meaning 
of these congruences is that we work with the ideals generated by the relevant powers of 2 in the 
ring of integers of F , where A is a suitable quadratic extension of Q 2 that contains Ai, A 2 ; likewise, 
we also extend V 2 to F. By equation (0 we have 

^(/ulOogV’^O) = ip( h i) (l°g= a\ogip(xi) + 0 ( 2 *), 

so that log-0(a;i) is approximately an eigenvector for 0 ^^)- We deduce from lemma [53] and 
the assumption log7/’(a;i) ^ 0 (mod 2™ 1+ " 2 ) that p(a) = 0 (mod 2 t ~ ni ~ rt2+1 ). Since ip(hi) is 
congruent to the identity modulo 4, it is easy to see that we have Ai = A 2 = 1 (mod 4), so 
712(1 + 2 ni + A,;) = 1 for i = 1, 2. Hence V 2 (p(a)), which is given by 

v 2 ((1 + 2" 1 ) 2 - 1) + v 2 (l + 2 ni + Ai) + v 2 (l + 2 ni + A 2 ) + v 2 (l + 2 ni - Ai) + v 2 (l + 2 ni - X 2 ), 
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does not exceed (m + 1 )+ 1 + 1 + 2 maxi v 2 (l + 2™ 1 — A*), so that 


max 1 ) 2(1 + 2 Ul 


Ai) > MpHl-m-s > 


t — 2 ni — n 2 — 2 
2 


Up to exchanging Ai and A 2 we can assume the maximum is attained for i = 1. 


Set U' = 


t — 2 ni — n 2 — 2 
2 


. We have Ai = 1 + 2 ni (mod 2 ,7/ ) and, if U' > 2m (a condition 


that is implied by the hypothesis U > 3ni), also A 2 = A ) -1 = 1 — 2 ni + 2 2ni (mod 2 2ni+1 ). It 
follows in particular that v 2 (l + 2” 1 — A 2 ) = m + 1, so that we can improve our previous estimate 
to 


v 2 (l + 2 ni — Ai) > v 2 (p(a)) — (m + 1) — 1 — 1 — (m + 1) > t - 3ni — n 2 — 3, 


that is Ai = A 2 1 = 1 + 2 ni (mod 2 U ). Now since U > 3ni the trace of ip (hi) is given by 


A! + A 2 = 1 + 2 ni + 1 - 2 ni + 2 2ni + 0(2 3ni ), 


tr(ip(hi )) 2 - Adet(ip(hi)) = (2 + 2 2ni + 0{ 2 3 " 1 )) 2 - 4 

= 2 2ni+2 (l + 0(2 ni )) 

is a square in Z 2 (since ni > 3). It follows that the eigenvalues of lie in Z 2 , because 

tr(V>(/ii)) ± \f- 4 _ . . . 

Ai j2 =- — -is m <y > 2 (as the expression under square root is a square) and 

is 2-integral (as p(x) is monic with 2-integral coefficients). It follows that ip (hi) is diagonalizable 
over Q 2 , and that its eigenvalues satisfy the given congruences. □ 

We now start building a base-change matrix P such that G is contained (up to error terms 
of large 2-adic valuation) in the graph of a; 1 —>• PxP~ l . As a first approximation, the following 
corollary yields a matrix N such that N~ l ip(h\)N is congruent to hi modulo a large power of 2: 


Corollary 4.11. Under the hypotheses of the previous lemma, there exists a 2-integral matrix 
N £ GL 2 (Q 2 ) that satisfies: 

1 . iV _ 1 i/'>(lii)lV is diagonal (with diagonal entries Ai,A 2 as above); 

2. u 2 (det(IV)) < m + 1. 


Proof. Let wi,W 2 be two eigenvectors for ip(hi), associated resp. with Ai, A 2 , and chosen so as to 
be 2-integral and to have at least one coordinate that is a 2-adic unit. Let N be the matrix having 
wi,w 2 as columns: it is clear that N satisfies (1). Now if wi,w 2 are linearly independent over F 2 
we are done, for then n 2 (detiV) = 0; otherwise, up to rescaling wi,w 2 and exchanging their two 

coordinates, we can assume they are of the form wi = ( \ ] . w 2 = ( \ ] ■ The determinant of 

V M ’i ) \ W 2 J 


N is simply w ' 2 — w(, hence we have 



(mod det(lV)) 


w 2 = wi (mod det(N)). 


Applying ip (hi) to both sides of the last congruence we find A 2 w 2 = Ai«)i (mod det(IV)), and 
comparing the first coordinates of these vectors we obtain Ai = A 2 (mod det(lV)). Since by the 
previous lemma we have Ai = 1 + 2 ni (mod 2 2 ™ 1 ) and A 2 = 1 — 2 ni (mod 2 2ni ), we have in 
particular 2 " 1+1 = 0 (mod det(lV)), whence the corollary. □ 

Assuming the hypotheses of lemma 14.101 fix a matrix N as in the previous corollary. We 
consider those elements (gi,ip(gi)) of G such that N~ 1 ip(gi)N is 2-integral: 
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Lemma 4.12. Assume that logi/^xi) does not vanish modulo 2 ni+ " 2 and that U > 3ni, so that 
we can find an N as above. Let g\ be an element of B 2 { 2 n\ + 1) C G 1 . Then N~ 1 if(gi)N is 
2 -integral and trivial modulo f. 

Proof. As Z? 2 ( 2 ni + 1) is generated by L(2 2 ” 1+1 ), R(2 2ni+1 ) and D(2 2ni+1 ) it is enough to show 
the conclusion of the lemma holds for these three elements. Since the proof is virtually identical 
in the three cases, we only consider R(2 2ni+1 ). We have R(2 2ni+1 ) = x\ , hence 

ip(R{ 2 2ni+1 )) = ^(®i ) 2 " 1+1 (mod 2 *); 

as if)(x 1 ) = Id (mod 4), the matrix ^(iTi) 2 " 1 ^ is congruent to the identity modulo 2 rai+3 . Writing 
if(xi ) 2 1 as Id+2" 1+3 13 for a certain 2-integral matrix B we have 

/ 9 n i+ 3 \ 

N~ 1 ijj(R(2 2ni+1 ))N = N - 1 (M+2 ni+ 3 B) N = Id+N* N, 


where N* = det (N)N 1 is the adjugate matrix of N. Since V 2 (det N) < m + 1, this last expression 
is manifestly 2-integral and congruent modulo 4 to the identity. □ 


Let N* be the adjugate matrix of N and D = 


Ai 


A 2 


lemma, the following identity only involves 2 -integral matrices: 


N 1 ip(hi)N. By the previous 


(7V"V(/ii)iV) (ATV {R(2 2ni+1 )) N) (TVX/ii)- 1 ^) = (R(2 2ni+1 )) ^(h^N 

= N*ip(hi)ip(R(2 2ni+1 ))ip(hi)- 1 N (mod 2 f ) 

= N*ip (i?(2 2ni+1 )“) N (mod 2*) 

= N*ip(R(2 2ni+1 )) a N (mod 2*). 

Replacing ip by ip and dividing through by det(iV) we deduce 

D (N~ 1 ^(R(2 2ni+1 ))N) D- 1 = (N- 1 tf{R{2 2ni+1 ))N) a (mod 2 t ~ ni ~ 1 ). (4) 

This equation forces N~ 1 ip(R(2 2ni+1 ))N to be of a very specific form: 

Lemma 4.13. There exists c £ 4^2 such that N~ 1 ip(R(2 2ni+1 ))N = f ^ J (mod 2 u ~ ni ~ 2 ). 


we know D = 


v-l 


Proof. Note that since t — n\ — 1 > U we can in particular rewrite equation a modulo 2 U , and 
A + 2 ni 

(1 + 2 ni )~ 

and trivial modulo 4 by lemma 14.121 so its logarithm is well-defined. Since D and D~ x are both 
2-integral, the same is true of DN~ 1 %f(R(2 2 ni+ 1 ))ND~ 1 . Let A x = log (^N~ 1 tp(R(2 2 ni+ 1 ))N) and 


(mod 2 U ). Recall that N 1 ip( K R(f2 2ni+1 ))N is 2-integral 


write A x = fi x 


0 1 
0 0 


Ty 


0 0 
1 0 


+ Hh 


1 0 

0 -1 


for certain /j, x , fi yi g,h £ Z 2 . We claim that 


Hh = 0 (mod 2 U ni 3 ) and p y = 0 (mod 2 U ni 2 ). Reducing equation a modulo 2 U and taking 
logarithms we get 


a ■ A x = DA X D 1 = 





(mod 2 U ), 


and the right hand side can be computed explicitly in terms of jj, x , /ih, By Using A 2 
find 


ex • A x — A ip x 


0 1 
0 0 


A 2 +y 


0 0 
1 0 


Bh 


1 0 
0 -1 


(mod 2 U ), 


= 1/Ai we 
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that is 


{ otHx = Af/z x (mod 2 U ) 

ap y = A 2 p y (mod 2 U ) (5) 

ay h = p h (mod 2 U ). 

Furthermore, one easily sees that V 2 (a — A 2 2 ) = V 2 ^(1 + 2 7 * 1 ) 2 — (l — 2 ni + O (2 2ri1 )) 2 ^ = m + 2 

and V 2 {a — 1) = n\ + 1. Rewriting the last formula in ([5]) as (a — l)ph = 0 (mod 2 U ) shows that 
fih = 0 (mod 2 u ~ ni ~ 1 ), while ap, y = A \p, y (mod 2 U ) implies p y = 0 (mod 2 u ~ ni ~ 2 ). This proves 

that A x — (mod 2 u ~ ni ~ 2 ), and exponentiating we find 

iV-V(R(2 2 ” 1+1 ))7V = e X pA x =exp^ ***) = ^ ^ (mod 2 u ~ n '~ 2 ). 

We can then take c = \x x , which is in 4 Z 2 since N~ 1 ip(R(2 2rLl+1 ))N = Id (mod 4) by lemma 

m~ 2 i □ 

A completely analogous argument yields similar results for N~^ip{L(T 2ni+1 ))N, hence: 

Proposition 4.14. Assume that 

• T := U — n\ — 2 = t — 4n± — 712 — 5 is larger than 2n± — 2 (that is, U > 3ni); 

• G contains no element of the form (Id, b), where b ^ Id (mod 2*); 

• log '0(cci) does not vanish modulo 2 ni+n2 . 

Then there exists a matrix N £ GL 2 (Q 2 ), with 2-integral entries and whose determinant sat¬ 
isfies V 2 (det (N)) < m + 1, and scalars c,d€ 4 Z 2 , such that 


d l) ( mod2T )- 

Remark 4.15. As we shall see shortly, the product cd is 2-adically very close to 2 4 " 1+2 , as one 
would expect. However, it is not true in general that c, d , taken separately, are 2-adically very 
close to 2 2iu+1 . Let us give an example of this phenomenon, which will also motivate the choices 
we make in the rest of the proof. Fix a positive integer m > 3 and an integer p n 1 , and let 
G be the group generated by B 2 {p,p) and {( 51 , 32 ) £ B 2 (n \) 2 | 32 = 31 } • In our notation one can 
take if to be the identity, and a matrix N as in the statement of proposition 14.141 is given by 

2" 1 + 1 o \ 

1 1; notice that this matrix cannot be obtained from the construction of N we gave in 
corollary 14.Ill but its simple form makes it easier to make our point. In this situation we have 

N~ 1 ’if(R(2 2ni+1 ))N = ( l 2 ” J ) , N-^(L(2 2 ^ +1 ))N = ( J ) , 

so c = 2 ni and d = 2 3ril+2 are quite far 2 -adically from 2 2ni+1 . 


N 1 %f(hi)N = ^ J = h\ (mod 2 T ), 

iV“V (R( 2 2ni + 1 )) N= ^ (mod 2 t ), N^ip (L( 2 2ril + 1 )) N = ^ 


The parameters c, d are up to now completely free, and they cannot be controlled by only using 
the relations hiXihf 1 = xf, hf y\h\ = 3 “ (which are essentially integrated forms of the usual 
sl 2 -Lie algebra relations [h,x\ = 2x, [h,y\ = —2y). In order to say something meaningful about 
them, we shall need to use an integrated form of the Lie algebra relation [x, y] = h, that is to say 
we want to have some degree of control on commutators of the form L(a)R{b)L(a)~ 1 1?(&) -1 . This 
is made possible by the following simple lemma, whose proof is immediate by induction: 
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Lemma 4.16. 


• For any pair (a, b) of elements of Z 2 of valuation at least 1, the finite 

— 1 n 

products n R(a) {ab) * • (R(a)L(b)R(a)- 1 L(b)~ 1 ) n L(b) ( ab ^ converge, as n —> oo, to 


i= 1 


1 — ab 

0 1 — ab I ' 


Let (a, b) be as above and (c, d ) be any other pair of elements of 2-adic valuation at least 1. 


-1 


The finite products • (R(c)L(d)R(c) 1 L(d) 1 )-]^[L(rf) < ‘ ab ' > converge to a 


limit for n —> 00 , and this limit is of the form 


* 1 — cd ' 


Apply this lemma to a = 2 2 " 1+1 , b = 2 2ni+1 : the infinite product 

— 1 OO 

Y[ l?(a) (ah)_i • ( R{a)L(b)R(a)~ 1 L(b )" 1 ) • Y[L(b)~ {ab)i 


2 =— OO 

1 


i=l 


0 


= /if, where /3 is defined by (1 + 2 ni ) ^ = 1 — 2 4ni+2 . 


converges to 1 — 2 4 ” 1+2 

V 0 1 - 2 4ni + 2 , 

Applying ip (which, being continuous, commutes with infinite products) we deduce that 

— 1 OO 

<p(hiY = [] ip(R(a))( ab ' , ~ i ■ (<p(R(a)ML(b))'p(R(a))- 1 rtL(b))- 1 ) ■ [] p(L(b))-^. ( 6 ) 

i =—00 2=1 

By proposition 14.141 there exist c, d £ 4 Z 2 such that 

N- 1 if{R{2 2ni+1 ))N = N~ l if(R(a))N = R(c) = ^ (mod 2 T ), 

N~ l if(L(2 2ni+1 ))N = N-^iLfb^N = L(d) = Q (mod 2 T ). 


( 7 ) 


Rewriting equation © in terms of if and multiplying by N (resp. N*) on the right (resp. left) we 
find 


-1 


N*if{hxfN = iV* XI ^(^( a )) ( ° 6) ’ ' h<H-R(a)), if(L(b))\ ■ ]f[ if(L(b))~ {aby N (mod 2*). 


*=1 


Further conjugating every term if(R(a)) and if(L(b)) by N, similarly to what we did in deriving 
equation 10}, using the congruences in ©, and dividing by det N, we end up with 

— 1 OO 

(N-'ifih^Ny = H R(c) {abri ■ (R(c)L(d)R(c)- 1 L(d)~ 1 ) -Y[L(d)- {ab)i (mod 2 T ~ ni ~ 1 ). 

i =—00 2=1 

Applying the second part of the previous lemma to -R(c), L(d) we then obtain 

— 1 OO 

/if = (Af-V(/ii)AT ) /3 = i?(c) (ob)_i • (R{c)L(d)R(c)- 1 L(d)- 1 ) ■ L(d)~ {ab)i 

= — 00 2=1 

: i-c) C"» d 

whence - comparing the bottom-right coefficients - we find 1 — 2 4ni+2 = 1 — cd (mod 2 T-ni_1 ). 
In particular, if T > 5ni + 4, we must have 1 ) 2 ( 0 ) + 1)2 (d) = 4n± + 2, and by symmetry we can 
assume that 02 ( 0 ) < 2 ni + 1 . 
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o4ni+2 04^1+2 

We deduce that d = - (mod 2 T -^- 1 ~ v ^), and therefore d = - (mod 2 T ~ 3ni ~ 2 ). 

c c 

Consider now the matrix M = ^ 2 2ni + 1 /c) ( w ^ c ^ 2-integral, since v 2 (c) < 2ni + 1). By 

construction we have MR(2 2ni+1 ) = R(c)M , so that 

MR(2 2ni+1 ) = R(c)M = N- 1 ip(R(2 2ni+1 ))NM (mod 2 T ), 
and furthermore - since N~ 1 ip(hi)N is diagonal and congruent to hi modulo 2 T - we also have 

Mhi = h\M = N~ l ip(lii)NM (mod 2 T ). 


Finally, using what we just proved on d we find (for T > 5?ii + 4) 
ML( 2 2ni+1 ) = 


1 0 

2 4ni+2 /c 2 2ni+1 /c 


1 0 
d 2 2ni+1 /c 


= L{d)M = N "V (L(2 2lil+1 )) iVM (mod 2 


T —3ni —2\ 


Multiplying this last equation by M* = 


2 2 "i +1 /c 0 
0 1 


on the left we get 


det M • L(2 2ni+1 ) = (L(2 2ril+1 )) NM (mod 2 T ~ 3ni ~ 2 ), 

and similar ones hold for i?(2 2ril+1 ), hi. Given that V 2 (det M ) < 2ni + 1, dividing by detM we 
find 

(7VM)"V [L{ 2 2n+1 )) = L(2 2 ” +1 ) (mod 2 T - 5ri1 - 3 ), 

along with similar relations for i?(2 2ril+1 ), hi = D(2 ni ). As i?(2 2ni+1 ), L(2 2ni+1 ), D(2 Ul ) generate 
f? 2 ( 2 ni + 1) we have thus established 

Proposition 4.17. For every g € # 2 ( 2711 + 1) we have ( NM)~ 1 ip(g)(NM ) = g (mod 2 T ~ 5ni ~ 3 ). 

Notice that if we replace NM by A NM, for any A G Q 2 , then the previous proposition still 
holds, simply because the factors of A on the left hand side cancel out. We can then choose A in 
such a way that A NM is 2-integral and has at least one coefficient which is a 2-adic unit; we set 
P ~ \NM for this value of A. We now give a version of proposition [4J7] that applies to all of G 1 : 

Proposition 4.18. The following congruences hold for every g € Gi: 

P“V(5)P = g (mod 2 T ~ 7ni ~ 2 ) and tr if{g) = tr g (mod 2 T - 7ni ~ 2 ). 


Remark 4.19. As promised at the beginning of the section, this is essentially the statement that 
if G does not contain an element of the form (Id, £») with b ^ Id (mod 2*), then G is 2-adically 
very close to being a graph. 

Proof. Clearly iJ 2 (detP) < V 2 (det M) + ^(detAT) < 3rii + 2, and for all g £ Gi and every 
to € N we have P*ip (g m ) P = P*<p (g m ) P = P’V (ff) m P — P*'*/’ (ff)™ P (mod 2‘), so dividing by 
detP we find P _1 ?/> ( g m ) P = P -1 ^ ( g) m P (mod 2* _3ni_2 ). Now g is congruent to the identity 
modulo 4, hence g 2 1 belongs to # 2 (2ni + 1), so applying proposition 14.171 and noticing that 
T— 5ni — 3 < t— 3ni — 2 we find P~ lr f> (g) 2 1 P = P _1 ?/> ^g 22 " 1 P = g 2 ^ 1 1 (mod 2 T ^ 5rai_3 ). 
Taking logarithms we obtain 

2 2 ” 1 —ip —1 log ip(g)P = 2 2 ni - 1 (log g) (mod 2 T - 5ni “ 3 ), 

whence P _1 log i/j(g)P = logg (mod 2 T ~ 7ni ~ 2 ). Since logg is trivial modulo 4, we can exponenti¬ 
ate both sides of the congruence to find P~ 1 'if(g)P = g (mod 2 T ~ 7ni ~ 2 ), as claimed. Taking the 
trace of this last congruence also gives tr i/j(g) = tr(g) (mod 2 T ~ 7 " 1-2 ). □ 
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Let now (31,52) be an element of G. By the previous proposition we have 

P (* - ^ Id) 3 ^P - (W) - ^ Id) P (mod 2 T-7t11-3 ), 

and since ip(gi) = 32 (mod 2*) this implies P0i(3i) = ©i(3 2 )P (mod 2 T ~ 7 ” 1-3 ). Recalling that 
£(G) is the Z 2 -span of 0 2 (G), this implies that for every (m 1 ; m 2 ) £ £(G) we have the congruence 
Pui = U2P (mod 2 T ~ 7rai_3 ). Taking into account all the assumptions we made along the way, we 
have thus proved: 

Proposition 4.20. Let G, m,n,2 be as in theorem \f.2\ and t > 3 be an integer. Assume: 

1. G contains no element of the form (Id, b), where b jk Id (mod 2 t ); 

2. log , i/i(a:i) does not vanish modulo 2 Ttl+ " 2 ; 

3. t — 11m — n 2 — 8 > 0 (that is, T — 7m — 3 > 0; this also implies the condition U > 3m of 
lemma \4-llty . 

Then for every (1x1,112) £ £(G) we have Pu\ = U2P (mod 2 t_llni_n2_8 ), where P £ GL 2 (Q 2 ) 
is 2-integral and has at least one coefficient which is a 2-adic unit. 

The result we were aiming for is now well within reach: 

Proof, (of theorem 14.21) Suppose that £(G) contains 2 fc sl 2 (Z 2 ) ® 2 fe s[ 2 (Z 2 ): then £(G) contains 

the elements (1x1, u 2 ) := ^ '2 k ^ , 0^ and (ui,i; 2 ) := ^ '2 k ^ ^ ,0^. Since one of the 

coefficients of P is a 2-adic unit, at least one of the two congruences Pixi = ix 2 P = 0 (mod 2 fc+1 ) 
and Pui = v 2 P = 0 (mod 2 fe+1 ) does not hold. In particular, the conclusion of the previous 
proposition is false if t — llni — ri2 — 8 = k + 1. Thus if we let t = k + llni + n 2 + 9 at least 
one of the three hypotheses must be false; for our choice of t, the inequality of condition (3) is 
satisfied, so either (1) or (2) must fail. If (2) fails, then G contains £> 2 (30ni + 24, 30m + 24 + n 2 ) 
by lemma ITTH On the other hand, if condition (1) is not satisfied, then lemma iTol implies that 
G contains all of P 2 (6(fc + llni + 5n 2 + 12) + m, 6 (k + llni + 5?x 2 + 12)), which is contained in 
P 2 (30m + 24,30?xi + 24 + n 2 ), and therefore contained in G independently of which hypothesis 
(1) or (2) is the one that fails. Finally, note that the hypotheses of the theorem are symmetric in 
Gi, G 2 , so we can repeat the whole argument switching the roles of Gi, G 2 , which shows that G 
also contains P 2 (6(fc + lln 2 + 5m + 12), 6 (k + 11 n 2 + 5m + 12) + n 2 ) and concludes the proof of 
the theorem. □ 

As promised, we can finally prove theorem 14. 11 by an argument similar to that used to deduce 
theorem 13.21 from theorem 13.11 

Proof. We let det* be as in the proof of theorem 13.11 Let G sat = {A3 | 3 £ G, A £ 1 + 4Z 2 }, 
denote by U the intersection G sat fl SL 2 (Z 2 ) 2 , and let £1,1/2 be the two projections of U on the 
factors SL 2 (Z 2 ). Notice that U' = G': by assumption, for every 3 £ G there exists A £ Z 2 such 
that det* 3 = A 2 ; but then either A or —A is congruent to 1 modulo 4, so either 3/A or —3/A 
belongs to U, and we can apply lemma 1^.111 Also remark that if Gi contains Z?2(m), then the 
same is true for U\\ indeed for every 31 £ f?2(m) we know that there exists a certain 32 £ G 2 
such that (31,32) £ G. As det(32) equals det(31) = 1 by the assumptions on G, this shows 
that (31,32) belongs to U as well, and therefore 31 belongs to U\. The same argument obviously 
also works for t/ 2 , and furthermore U and G have the same Lie algebra (again by lemma 12.111) . 
Finally, U is trivial modulo 4 by construction. Applying theorem 14.21 to U we deduce that U 
contains 82(6$ + lln 2 + 5m + 12),6(fe + llni + 5n 2 + 12)), and therefore G = U' contains 
P 2 (12(fc + lln 2 + 5?ii + 12) + 1,12 (k + llni + 5m + 12) + 1) by lemma [2751 □ 
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5 Conclusion of the proof 

Using the results of the previous two sections we are now in a position to show theorem 11.31 for all 
n. Let us first remark that the inequality [G : H] < 120 appearing in the statement of |Loml41 
Theorem 4.2] can be improved to [G : H] | 24: this follows immediately from the same proof and 
the simple remark that if G{£) is exceptional, then G contains a subgroup H , of index dividing 
24, such that H{£) is cyclic of order dividing 6 or 10. With this small improvement, case n = 1 
of theorem II.31 is (amply) covered by theorems 4.2 and 5.2 of |Loml4| . We now consider the case 
n > 2, starting with the odd primes. If i = 3 we take H = ker(G SL 2 (F 3 ) n ), for which the 
claim follows directly from the fact that it is pro-t' and from Pink’s theorem (theorem 13.4D . 

We can then assume £ > 5 ,n > 2. Denote by 7 q : SL 2 (Z^) n —> SL 2 (Zg) the n canonical 
projections and let ni lt i 2 = 7 x 7 q 2 be the projection on the two factors numbered i\ and * 2 - 
For m between 1 and n, construct inductively groups H m as follows: apply |Loml41 Theorem 
4.2] to t^i(G) to find a subgroup K 1 of ^\{G) of index dividing 24 and having property (**) in 
the notation of |Loml4j (or, if tti(G)' = SL 2 (Z^), set Kg = ^(G)), and set Hg = 7 r 1 1 (A' 1 ): 
this is a subgroup of G of index dividing 24. Assuming we have constructed K m and H m , apply 
)Loml4[ Theorem 4.2] to 7 r m _|_i (H m ) to find a subgroup K m+ i of index dividing 24 and having 
property (**), and set H m+ 1 = 7 r “ +1 (K m+ g), again with the convention that K m+ i = 7 r m +i(TL m ) 
if TT m+ i(H m y = SL 2 (Z^). It is clear by construction that H n is an open subgroup of G of index 
dividing 24 n . For 1 < t < n we also let nt be the minimal positive integer such that Bg(nt) 
is contained in ^T t (H n ). Notice now that for all m = l,...,n — 1 the index [H m : H m+ 1 ] is 
a divisor of 24, hence in particular coprime to £ > 5. As Bg(nt) is a pro-£ group, it follows 
that it is contained in ir t (H n ) if and only if it is contained in for all j = 1 ,n. Now 

let (* 2 ,J 2 ), ■ • ■, (i n (n-i)/ 2 ,jn(n-i)/ 2 ) be the list of all n(n — l )/2 pairs (i,j) with i < j, 

and construct inductively groups H imt j m (for m = 1 ,...,n(n — l)/2) as follows. We start by 
formally setting Hi 0 j 0 = H n ; then, assuming Hi m j m has been constructed, we apply theorem 13.21 
to 7Ti m+ i ,j m +i and we define as follows: 

1 . if 15^(20 max{rii m+1 , n Jm+1 }, 20 max{rii m+1 , n Jm+1 }) is contained in 7r * m+1 ,j m+1 (-^"* m ,j m ) we set 

Hi m+ ail b A U m +l,jm+l = ^im+l ,jm+l ,jm ) i 

2 . otherwise, there exists an open subgroup Ki m+1 j m+1 of of index dividing 

48 2 and having properties (2a) and (2b) of theorem 13.21 in which case we define H lm+1 ,j m+1 
to be the inverse image in of K i m+ 1 ,j m+1 - 

Again, notice that the index \Hi m j m : Hi m+lt j m+1 \ is prime to £, so that it follows inductively 
that for every t = 1 ,.. . ,n and every m= 1 ,... ,n(n— l)/2 the open subgroup Be(nt) is contained 
in t Tt(Hi mt j m ). We finally set H = Hi„, n _- L - )/2 ,j n r n _ 1 - )/2 ', by construction, it is a open subgroup of 
G of index dividing 24 n 48 n ^ n_1 \ Denote by r» : sl 2 (Z^)" —>• (resp. Tjj) the projection on 

the i-th (resp. (i, j)-th) factor. Now suppose that C(H) contains £ k s\ 2 (%e) ® ... ® £ fe sl 2 (Z^) for a 
certain k > 0. We have 


C{Ki) D C(tt z (H)) = Ti(C(H)) D £ k s\z(Zt), 

so the properties of K, = 7 r, (i/ t ) given by ]Loml41 Theorem 4.2] imply that it contains Be(4k). It 
follows from the definition of the integers nt that we have nt < 4 k for all t. Consider now a pair 
of indices i < j. As before we have C(Kij) D C(iTij(H)) = Tij(jC(H)) D £ k 5l-2(Z() ® £ k sl 2 (Ze), so 
two cases arise (depending on whether we were in case ( 1 ) or ( 2 ) above): 

1 . either B^(20max{rij, njj, 20max{nj, Uj}) D Bg(80k,80k) is contained in TTij(G), 

2. or Kij contains Bg (p, p) with p = 2k + max {2k, 8 n*, 8 n^} < 34fc. 

Either way, we see that 7t,;j(G) contains Bg(80k,80k): once again, the index [ 7 Uj{G) : n is 
prime to i, so the fact that 7Tj j(G) contains Bg{80k, 80 k) implies that 7 tij(H) contains Bg(80k, 80 k). 
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Since this holds for every pair of indices 1 < * < j < n, lemma 12.91 implies that H contains 

n 

](80 (n — l)fc), as claimed. 

i =1 

Finally consider the case t = 2. Define H to be the kernel of the reduction G —> SL 2 (Z/ 4 Z) n . 
Suppose that C(H) contains 2 fc sl 2 (Z 2 )©.. .© 2 fe sl 2 (Z 2 ), and let Hi =7 n(H),Hij Since 

C(-Ki{H)) D 2^sl 2 (Z 2 ), )Loml41 Theorem 5.2] implies that Hi contains S 2 ( 6 fc), and the integers rn 
appearing in the statement of theorem l4.2l can all be taken to be 6 k > 3. Similarly, C(Hij) contains 
2 fc sl 2 (Z 2 ) ® 2 fe sl 2 (Z 2 ), hence by theorem 14.21 the group Hjj contains £? 2 (582fc + 72, 582fc + 72): 

n 

lemma [2~9l then implies that H contains B 2 ((n — l)(582fc + 73)). Finally, as H is trivial modulo 

i =1 

4, it is clear that k > 3, so we have 582 k + 73 < 607fc and we are done. □ 
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